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Introduction 

Paul Painleve and his school [HE] classified ordinary differential equations of the form y" = 
R(t, y, y') on the complex domain D, where R(t, y, y') is rational in y and y', analytic in t G 
D and for each solution, all the singularities which are dependent on the initial conditions 
are poles. They found fifty equations of this type, forty four equations of which can be 
solved or can be integrated in terms of solutions of linear ordinary differential equations 
or elliptic functions. The remaining six equations are called the Painleve equations and 
are given by 

Pi : y" = 6y 2 + t 

P 2 : y" = 2y 3 + ty + a 

P 3 ■■ y" = -{y'f - ~y' + W + P) + iy 3 + - 

y t t y 
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Pe ■ y ' = o - + — 7 + — 7 (y ' 
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where a, /3, 7, 5 are complex parameters. 



Rational solutions of Pj (J = 2, 3, 4, 5, 6) were classified by Yablonski and Vorobev [T71 
[16], Gromak [HE], Murata [9], Kitaev, Law and McLeod [5] and Mazzoco [8]. Especially, 
Murata [9] classified all of rational solutions of the fourth Painleve equation by using the 
Backhand transformations, which transform a solution into another solution of the same 
equation with different parameters. Kitaev, Law and McLeod [5] classified all of rational 
solutions of the fifth Painleve equation in the same way as Murata [9]. 

Pj (J = 2, 3, 4, 5, 6) have the Backlund transformation group. It is shown by Okamoto 
[T2] , [13], [H], [15] that the Backlund transformation groups of the Painleve equations 
except Pi are isomorphic to the extended affine Weyl groups. For P 2 , P 3 , P4, P5, Pq, the 
Backlund transformation groups correspond to A? , A ( 2 l \ Af , d£\ respec- 
tively. 

Noumi and Yamada [11] discovered the equations of type A^\ whose Backlund trans- 
formation groups are isomorphic to the extended affine Weyl group W{A ( p). The equa- 
tions of type Ai are called the A\ Painleve equations. The A 2 , A3 Painleve equations 
correspond to the fourth and fifth Painleve equations, respectively. The A± and A^ 
Painleve equations are non-linear equations essentially with the fourth order and can be 
viewed as generalizations of the fourth and fifth Painleve equations, respectively. In [5] 
and [7J, we classified all of rational solutions of the A^ Painleve equation. In this paper, 
we completely classify all of rational solutions of the A^ Painleve equation. 

Noumi and Yamada [11] defined the A^ Painleve equation by 
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where ' is the differentiation with respect to t. In this paper, A 5 (aj) <j< 5 denotes the 
differential equation (*). For the A^ Painleve equation, we consider the suffix of fa and 
ai as elements of Z/6Z. 

The Backlund transformation group of the A^ Painleve equation is generated by 
So, S\, S2, S3, S4, S5 and it: 



2 



X 


So(x) 


Si{X) 






54(0;) 


^5(0;) 


ir(x) 


fo 
Jo 


f„ 

Jo 


fo — a l/ fl 


fo 

Jo 


fo 

Jo 


fo 
Jo 


JO T ^5/ J5 


Ji 


Jl 


f, _|_ n,„ / fo 
Jl t &0/ JO 


Jl 


Jl — CH2/ f2 


Jl 


f, 
Jl 


Jl 


fo 

J2 


fo 

J2 


fo 


f„ _|_ n/, / f, 

J2 t ay Ji 


fo 
J2 


f2 — CH3/ fa 


fo 

J2 


fo 
J2 


fo 

J3 


fo 

J3 


fo 

J3 


J3 


J3 + a 2/ J2 


fo 

J3 


T„ f\l ,11, 

J 3 «4/j4 


fo 

J3 


f„ 
J4 


/4 


/4 


/4 


u 


fa + Ot 3 /fa 


/4 


fa - a 5 /fa 


/b 


h 


/5 - Ol /fo 


h 


h 


h 


J5 + 04/ / 4 


h 


/o 




-oc 


a + «i 


a 




«0 


a + a 5 


«1 


ac\ 


«i + a 


— «! 


d\ + a 2 






«i 


a 2 


«2 


a 2 


«2 + «1 


— a 2 


OL2 + «3 




0L2 


«3 


«3 


a 3 


«3 


«3 + a 2 


-a 3 


«3 + a 4 


a 3 


a 4 


«4 








«4 + «3 


—0-4 


«4 + «5 




"5 


"5 + "0 


a 5 


a 5 


a 5 


as + a 4 


-a 5 


a 



If /j = for some i = 0,1, 2, 3, 4, 5, we consider Sj as the identical transformation which 
is given by 

S i(fj) = fj and S i( a j) = a 3 U = °> 2 ' 3 ' 4 > 5 )- 

The Backlund transformation group (so, si, S2, S3, S4, S5, 7r) is isomorphic to the extended 
affine Weyl group W(A^). 

This paper is organized as follows. In Section 1, we calculate the Laurent series of a 
rational solution (/i)o<i<5 of A 5 (ai) <i< 5 near t = 00, whose residues are expressed by the 
parameters a-j {i = 0, 1, 2, 3, 4, 5). From the Laurent series near t = 00, we get three types 
of rational solution, Type A, Type B and Type C. 

In Section 2, we compute the Laurent series of a rational solution (/j)o<i<5 of 
^5(ai)o<j<5 near t = 0, whose residues are expressed by the parameters a>i {i = 
0, 1, 2, 3, 4, 5). In Section 3, we calculate the Laurent series of a rational solution (j"i)o<i<5 
of vl 5 (aj)o<i<5 near t = c G C*, whose residues are half integers. 

In Section 4, we define the auxialliary function H for a rational solution of ^(ch^ckiks 
and calculate the Laurent series of H at t = 00, 0, c G C*. Furthermore, we study 
relationship between a rational solution and H. 

In Section 5, 6 and 7, we deal with necessary conditions for A 5 (ai)o<i< 5 to have a 
rational solution (/i)o<i<5 of Type A, Type B and Type C, respectively. 

In Section 8, we summarize necessary conditions and transform the parameters into 
the standard forms. 

In Section 9, 10 and 11, we treatsufficient conditions ^4s(«i)o<i<5 to have a rational 
solution (/j)o<i<5 of Type A, Type B and Type C, respectively. 

In Section 12, we obtain necessary and sufficient conditions for A 5 (ai)o<i<n to have 
a rational solution (/i)o<i<s and prove Main Theorems for Type A, Type B and type C, 
that is, Theorem nXTl [T2T31 and [T231 
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1 The Laurent Series of Rational Solutions at t = oo 



In this section, we suppose that (/j)o<j<5 is a rational solution of A 5 (o;j)o<i<5 and calculate 
the Laurent series of fi (i = 0,1,2,3,4,5) at t — oo. Then, the residues of fi (i = 
0, 1, 2, 3, 4, 5) at £ = oo are expressed by the parameters ctj (j = 0, 1, 2, 3, 4, 5). For the 
purpose, we consider the following seven cases: 

(0) none of (/j)o<i<5 has a pole at t — oo, 

(1) one of (fi)o<i<5 has a pole at t — oo, 

(2) two of (/j)o<i<5 have a pole at £ = oo, 

(3) three of (fi)o<i<5 have a pole at £ — oo, 

(4) four of (/i)o<i<5 have a pole at £ = oo, 

(5) five of (fi)o<i<5 have a pole at £ = oo, 

(6) all of (fi)o<i<5 have a pole at £ = oo. 

Since fo + f2 + f<i = t and /i + / 3 + / 5 = £, the cases (0) and (1) are impossible. 

1.1 Two of (/j)o<i<5 Have a Pole at £ = oo 

In this subsection, we suppose that two of (/j)o<i<5 have a pole at £ = oo and calculate 
the Laurent series of (0 < « < 5) at £ = oo for Af\ai)o<i<5- Since /o + f'2 + fi = £ and 
/1 + /3 + /s — t, by 7r, we have only to consider the following two cases: 

(1) for some % — 0, 1, 2, 3, 4, 5, f i: f i+1 have a pole at £ = 00, 

(2) for some % — 0, 1, 2, 3, 4, 5, /j, / i+3 have a pole at £ = 00. 

1.1.1 fiifi+i Have a Pole at £ = 00 

Proposition 1.1. Suppose that has a rational solution (/«)o<j<5 such that for some 
i — 0, 1, 2, 3, 4, 5, fi, fi + i have a pole at t = 00 and f\ + 2, fi+3, fi+4, fi+5 (ire holomorphic at 
£ = 00. Then, fi, f i+1 has a pole of order one. We denote this case by Type A (1). 

Proof. The proposition follows from the fact that / + fi + f± = t and fx + / 3 + / 5 = £. □ 

In order to compute the residues, we have 

Proposition 1.2. Suppose that A^ has a rational solution (/«)o<j<5 such that for some 
i — 0, 1, 2, 3, 4, 5, /j, have a pole at t = 00 and /j+2, /i+ 3 , fi+4, fi+5 are holomorphic at 
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t — oo. Then, 



' fi = t- (a i+2 + a i+4 ) t 1 + • • 
/i+i = t + (a i+3 + a i+b ) t' 1 + 

fi+2 — 1 + • • • 

fi+3 — —OLi+^t 1 + • • • 

fi+4 = OL i+4 t 1 + • • • 

= — OLi+nt' 1 + ■ • • . 



Proof. By tc, we assume that h, /i have a pole at £ = oo. Then, from Proposition ll.il we 

set 

fo = a oo,lt + <2oo,0 + Sft=l a oo,-kt k , 



f% — C oo,0 + J2k=l 



-kt 



h — ^oo,0 
s A — /oo,0 + J2k=l foo,-kt k ■ 

Since f + f 2 + h = i and /i + / 3 + / 5 = t, it follows that a^i = 600,1 = 1- 
By comparing the coefficients of the term t 2 in 

5/2 = h (hh + /3/0 + /5/0 - hh - hh ~ /0/1) + Q - « 4 - /2 + «2 (/4 + /o) , 

we have c^q = 0. Moreover, by comparing the coefficients of the term t in this equation, 
we get Coo -1 = «2- 

By comparing the coefficients of the term t 2 in 

^/a = h (hh + hh + hh - hh - hh ~ hh) + Q - a 5 - ati\ h + "3 (h + h) , 

we have d^o — 0. Furthermore, by comparing the coefficients of the term t in this equa- 
tion, we get doo _i = — a 3 . 

By comparing the coefficients of the term t 2 in 



- a - a 2 ) h + a 4 (h + h) , 



:fi — h (hh + hh + hh ~ hh — hh — hh) 



we have e^o = 0. Moreover, by comparing the coefficients of the term t in this equation, 
we get eoo _i = a 4 . 

By comparing the coefficients of the term t 2 in 



h = h (hh + hh + hh ~ hh ~ hh ~ hh) + Q - «i - aiA h + 



"5 (fi + h) , 



we have /oo,o = 0. Furthermore, by comparing the coefficients of the term t in this equation, 
we get /oo _i = -a 5 . 

Since / + f 2 + f± — t and fi + f 3 + f 5 — t, it follows that 

floo.o = 0, _i = -a 2 - a 4 and = 0, _i = a 3 + a 5 , 

respectively. □ 

In order to prove the uniqueness of the Laurent series, we have 

Proposition 1.3. Suppose that for A^\a>i) <i< 5 , there exists a rational solution (/j)o<i<5 
such that for some i — 0,1, 2, 3, 4, 5, fi, /j+i have a pole at t = oo and f i+2 , fi+3, /i+4, /i+5 
are holomorphic at t = 00. TTien, ii is unique. 

Proof By comparing the coefficients of the term t~( fe ~ 2 ) (A; > 2) in 

= /2 (/3/4 + /3/0 + /s/0 - /l/5 - Ufl ~ /o/l) + Q - « 4 - /2 + «2 (/4 + /o) , 

we have 

1 

Coo ,-fc = 7^ ~~ 2)Coo _(fc_2) 

~t~ ^ ^ Coo,—l(.doo,—m&oo,—n <^oo,— m^oo,- n "I - /oo,-m^oo,-n 

Coo,— mi 00,— n Coo,— mboo,— n Ooo,— m^oo,— n) 
+ Coo, -0-2) (^oo,-l + /oo,-l — Coo-1 — Ooo,-l — &oo,-l) 

+ ^2 - «4 - Coo ,-(fc-2) + tt 2 (eoo,-(A:-2) + Ooo,-(fe-2)), 

where the sum extends over integers l,m,n for which / + m + n = /c — 2 and l,m,n > 1. 
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In the same way, we have 



^ doo,—l(.&oo,—mfoo,—n Coo,— mb 

foo,— m^oo,— n foo,—m^oD,—n ^oo,— rreC 
^oo,-(fc-2)(eoo,-l + 0-00,-1 + &oo,-l — /oo,-l — Cqo^i) 
1 



^oo,-m w oo,-n i u, oo,-m"oo,-n 



^ a 5 — 0£i J C? 00j _(i;_2) — Qf3(/oo,-(fc-2) + &oc,-(fc-2))> 

eoo,-fc = — 2)eoo,-(fc-2) 

"I - ^ ^ ^oo ,— i(/"oo,— ra^x,- n "I - /oo,-mCoo,-n "I - b 00 — m C 00 — n 

O-oo,— m^oo,— n ^oo,— m^oo,— n Coo,— m^oo,— n) 
+ e OO,-(fc-2)(/oO,-l + 0x3,-1 — 0(30,-1 ~ &oo,-l — ^oo,-l) 

+ — "0 — "2^ O00 ,-(fc-2) + "4(000, -(fc-2) + Coo,-(fc-2)), 

/00,-fc = ~ ~(k — 2)/oo,-(fc-2) 

^ foo,—lifloo,—rrJ^oo,—n Ooo,— m^oo,— n "I - Coo,— m^oo,- n 



boo,— mOx>,— n Ox>,— m^oo,— n O^oo,— mCoo,- n) 
— /oo,-(fe-2)(Ooo,-l + 6oo,-l + O'oo,-! — c oo,-l ~~ 600,-1) 

- — «1 — /oo _(jfc_2) — a5(6 00) _(fc_2) + doo _(fc_2))- 

Thus, Coo,-fe, doo-k, Coo-k, foo-k {k > 2) are inductively determined. Moreover, since /o + 
fz + fi = t an d /1 + /3 + /s = t, Ooo,-fe, &oo,-fc (fc > 2) are also inductively determined. □ 

I. 1.2 /j, /j +3 Have a Pole at £ = oo 

We consider the case in which for some i = 0,1, 2, 3, 4, 5, fc, fi + z have a pole at t — oo. 
We can prove Proposition 11.41 11.51 and 11.61 in the same way as Proposition 11.11 11.21 and 

II. 31 respectively. 

Proposition 1.4. Suppose that (otj)o<i<5 has a rational solution (fi)o<i<5 and for 
some i = 0,1, 2, 3, 4, 5, fc, fi+% have a pole at t = oo and f i+ i, f i+2 , fi+4, /j+s are holomor- 
phic at t = oo. Then, fi, fi+3 have a pole of order one. We denote this case by Type A 
(2). 
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Proposition 1.5. Suppose that A§ (aj)o<j<5 has a rational solution (fi)o<i<5 and for 
some i — 0,1, 2, 3, 4, 5, fi, f i+3 have a pole at t = oo and f i+1 , fi+2, fi+4, fi+5 ar & holomor- 
phic at t = oo. Then, 

fi = t + (a i+2 - a i+4 ) t~ l H 

fi+1 = Oii + \t 1 + • • • 
^ fi+2 = —di+2t 1 + • • • 

fi+3 = t + (a i+5 - a i+1 ) tr l H 

fi+4 = a i+ it~ l + • • • 

Ji+5 — — (%i+ht 1 + • • • . 

Proposition 1.6. Suppose that A^\ai)o<i<^ has a rational solution (fi)o<i<5 and for 
some i = 0,1, 2, 3, 4, 5, fi, fi+% have a pole at t = oo and fi+i, fi+2, fi+4, fi+5 (ire holomor- 
phic at t = oo. Then, it is unique. 

1.2 Three of (fi)o<{<5 Have a Pole at t = oo 

In this subsection, we treat the case in which three of (fi)o<i<5 have a pole at t — oo. By 
7i, we have only to consider the following three cases: 

(1) for some i — 0,1, 2, 3, 4, 5, fi, fi+\, fi+2, have a pole at t = oo, 

(2) for some i — 0,1, 2, 3, 4, 5, fi, fi+\, fi+3, have a pole at t — oo, 

(3) for some i — 0,1, 2, 3, 4, 5, fi, fi+\, fi+4, have a pole at t — 00. 

1.2.1 fi, fi+i, fi+2 Have a Pole at t = 00 

Proposition 1.7. For A^\aj) <j< 5 , there exists no rational solution such that for some 
i — 0,1, 2, 3, 4, 5, fi, fi+i, fi+2 have a pole at t = 00 and f i+3 , fi+4, f i+5 are holomorphic at 
t = 00. 

Proof. By n, we assume that f , f\, / 2 have a pole at t — 00. Then, we set 



7o 


^oo,no^ ° ^00, no — 1^ ° 




h 


— A fni \h +ni- 
L, oo,rai ,/ "00, ni — l 1. 






— r f n 2 \h ,+12- 

l ^oo,ri2'' ~ "00, n2 — l 1. 




/3 


= ^oo,0 + dvo-it 1 + • • • 




/4 


= 600,0 + Goo-lt 1 + • • • 




,/5 


= 600,0 + foo-lt 1 + • • • 





where n ,ni,n 2 are integers and n ,ni,n 2 > 1 and a^^boo^Coo^ ^ 0. 

8 



By comparing the coefficients of the highest terms in 
^/o = fo if if '2 + fih + fah - hh ~ hh ~ hh) + Q - «2 - aA f + a (f 2 + U) , 
we have aoo,no&ao,rai c oo,7i 2 = 0? which is contradiction. □ 

1.2.2 fi, f i+ i, f i+3 Have a Pole at t = oo 

Proposition 1.8. For A^\aj)o<j<5, there exists no rational solution such that for some 
i = 0,l, 2, 3, 4, 5, fi, f i+1 , f i+3 have a pole at t = oo. 

Proof. It can be proved in the same way as Proposition 11.71 

□ 

1.2.3 fi, f i+1 , f i+A Have a Pole at t = oo 

Proposition 1.9. For A§ (o!j)o<j<5, there exists no rational solution such that for some 
% = 0, 1, 2, 3, 4, 5, fi, fi+i, fi+4 have a pole at t = oo. 

Proof. It can be proved in the same way as Proposition 11.71 

□ 

1.3 Four of (fi)o<i<5 Have a Pole at t = oo 

In this subsection, we deal with the case where four of (fi)o<i<5 have a pole at t — oo. By 
7i, we have only to consider the following three cases: 

(1) for some i = 0,1, 2, 3, 4, 5, f h f i+1 , f i+2 , f i+3 have a pole at t = oo, 

(2) for some i = 0, 1, 2, 3, 4, 5, f h f i+1 , f i+2 , / i+4 have a pole at t = oo, 

(3) for some i = 0, 1, 2, 3, 4, 5, /j, / i+2 , / i+3 , fi+5 have a pole at t = oo. 

1.3.1 /i, /i +2 , /i+3 Have a Pole at t = oo 

Proposition 1.10. Suppose that for A§ (ai)o<i<5, there exists a rational solution such 
that for some i = 0, 1, 2, 3, 4, 5, /», / i+2 , /i+3 ^«^e a pole at t = oo and / i+4 , / i+5 are 
holomorphic at t = oo. TTien, fi, fi+i, fi+2, fi+3 have a pole of order one at t = oo. VKe 
denote this case by Type B. 
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Proof. By ir, we assume that /o, /i, /2, fz have a pole at t = oo. Then, we set 

/o &oo,not ~\~ O oo ^ n0 _it -|- • • • , 



fl 

h 
h 
fa 

J 5 



J oo,n\ 1 



'•00,713 



t ni + foocm-ii" 1 " 1 + ■ 
t n2 + fcoo^-l^ 2-1 + ■ 
t" 3 + GUns-lt" 3 - 1 + 



600,0 + 600,-1^ 1 + 
e oo,0 + foo,-lt 1 + 



x ,no^oo,niCoo,ri2 < ^oOi«3 7^ 0" SillCe 



where no, ni, 712, are integers and no, ni, ri2, > 1 and a 
fo + f2 + fa — t and /i + fa + / 5 = t, it follows that no = n 2 and ni = n3, respectively. 
By comparing the coefficients of the highest terms in 

^/o = fa (flfa + /l/4 + /a/4 - /2/a - /2/5 - fafa) + Q - «2 - "4^ /o + «0 (/2 + fa) , 



.//, - ^oo,n 3 , which implies that ni = — 1 and &oo,i = ^00,1 = 7^? because 



we have 6, 

h + fa + fa = t. 

By comparing the coefficients of the highest terms in 



^2 = fa (fafa + /3/0 + fafa - /4/5 - fafa - /o/l) + Q - «4 - /2 + «2 (fa + fa) , 



we get Oqo^o = Coo )n2 , which implies that n = n 2 = 1 and a^i = c^i = -, because 

fa + f2 + fa = t. 2 □ 

In order to calculate the residues of the Laurent series, we have 

Proposition 1.11. Suppose that for A^\oii)o<i<5, there exists a rational solution 
(fi)o<i<5 such that for some i = 0,1,2,3,4,5, fa, f i+1 , f i+2 , fa+3 have a pole at t = 00 
and f i+ 4, fa +5 are holomorphic at t = 00. Then, 

fi = \t+ (am - - 2a i+4 - tti+5) t' 1 H 

fi+i — \t + (—cm + ct i+2 - ct i+A ) t^ 1 H 

fi+2 = \t + (-a i+ i + a i+ 3 + cti+b) t" 1 H 

/ i+ 3 = |t + (a, - a i+2 + a i+4 + 2a i+5 ) t~ l H 

/i+4 = 2aj + 4t~ 1 + • • • 
,/i+5 = — 2a i+5 t 1 + • • • . 
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Proof. By ir, we assume that fa, fi, fa, fa have a pole at t — oo. By comparing the coeffi- 
cients of the terms t 2 and t in 

£/I = /4 (/ 5 /0 + fa fa + /l/2 " fa fa - fa fa ~ fa fa) + - «0 - / 4 + « 4 (fa + / 2 ) , 



we have e^o = and e^-i = 2a 4 , respectively. 

By comparing the coefficients of the terms t 2 and t in 

Ifs = h (/0/1 + /o/a + / 2 / 3 - /1/2 - /1/4 - / 3 / 4 ) + (\ - ai - a 3 ) / 5 + a 5 (/1 + / 3 ) , 



we get foofl = and /oo,-i = —20:5, respectively. 

By comparing the coefficients of the terms t 2 and t in 

^/o = /o (/1/2 + /1/4 + fsfa - fafa ~ fafa ~ fafa) + Q - "2 - a^j f + a (fa + fa) , 

we have &oo,o = c?oo,o = and 

doo-i - 600,-1 = 2(a - « 2 + «4 + a 5 ), 

which implies that 

600,-1 = —010 + «2 - «4, doo,-i = «o - «2 + « 4 + 2a 5 , 

because /1 + / 3 + / 5 = t. 

By comparing the coefficients of the terms t 2 and t in 

= fa 1/2/3 + / 2 /5 + fafa - fafa - /3/0 - /5/0) + Q - "3 - "5^ /1 + a\ (fa + fa) , 

we get 000,0 = 000,0 = and 

Coo -1 - Ooo -1 = 2(-«i + 03 + 0:4 + a 5 ), 

which implies that 

Ooo,-i = 011 - « 3 - 2a 4 - a 5 , _i = -«i + a 3 + a 5 , 
because fa + fa + fa = t. 



□ 



In order to prove the uniqueness of the Laurent series, we have 
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Proposition 1.12. Suppose that for A§ (ai)o<i<5, there exists a rational solution such 
that for some i = 0, 1, 2, 3, 4, 5, fa f i+1 , f i+2 , fa+3 have a pole at t = oo and / i+4 , f i+5 are 
holomorphic at t = oo. Then, it is unique. 

Proof. By ir, we assume that fe, fa, fe, fa have a pole at t = oo. From Proposition 11.111 

we set 



7o 


2^ ~ ^oo, 


_i_ V^+oo j.-fc 

-1 T 2-^lk = 2 OO,— fc^ 




= |< + &oo,- 


-1 + Sfe^2 ^oo ,-fe^ fc 






-1 + Xlfc=2 C oo,-kt 


/s 


— if 4- r/ 


-1 + Sfc^2 doo,-kt~ k 


/4 


= doo,-it 1 


Z^fc=2 c oo,-fc t 


,/5 


= foo-lt' 1 


~l~ X/fc=2 foo-kt 



where doo-i, &oo c^-i, doo-i, e M _i, /oo,-i have been determined in Proposition II. 11[ 
By comparing the coefficients of the terms t~( fc_2 ) (A; > 2) in 

^fi = fa (fafo + fah + fife - fah - fofa - fefe) + Q - « - a^j fa + a 4 (fo + fa) , 



we have 



e_ fc = (k - 2)e_ (fe _2) 

"I - 4 ^ ^ J {fioo,—lfoo,—mO J oo,—n ^oo,— iQx),— m^oo,— n) 
1 



+ 2 



«0 - "2 - « 4 _( fc _ 2 ) 



where the first sum extends over positive integers I, m for which I + m = k — 3, and the 
second sum extends over positive integers I, m, n for which I + m + n = k — 2. Then, 
eoo,-fc > 2) are inductively determined. 

By comparing the coefficients of the terms t~( fc ~ 2 ) (k > 2) in 



7t/s = fa (fafa + fa fa + fefe - fa fa ~ fa fa ~ fa fa) + - - «i - a 3 ) fa + a 5 (fa + fa) , 
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we obtain 

fco-k = —(k — 2)foo-(k-2) 

2 ^ ^ (/oo,— l^oo,— m foo,—ldoo,—m f oo,—l&oo,—m) 
4 ^ ^ {foo,— l^oo,— nJ^oo,— n foo,— idoo,— m^-oo- n) 

- 2 ^- - ai - a 3 - a 5 ^j foo,-(k-2), 

which implies that foo-k (k > 2) are inductively determined. 
By comparing the coefficients of the terms t~( fc ~ 2 ) (A; > 2) in 

^/o = /o (/l/2 + /l/4 + /a/4 - /2/3 - /2/5 - A/s) + Q - «2 - «4^ fo + «0 (/2 + fa) , 

we obtain 

&oo,~A; — doo-k = —2(k — 2)a 00) _(fc_2) — 2600,-^ + /00,-fe 
4 ^ ^ (Qqo,— l&oo,— m ^00,— ?Coo,— m) 
8 ^ ^ (Qqo,— ^00,— m^oo,— n ^oo,—l^oo,—mfoo,—n) 

- 4 Q - a - a 2 - a^j _ fe , 

which implies that &oo ; _fc, d^^k (k > 2) are inductively determined, because /1+/3+/5 
t. 

By comparing the coefficients of the terms t - ^ -2 ) (A; > 2) in 

= /1 (/2/3 + /2/5 + A/5 - /s/4 - /3/0 - /5/0) + Q - «3 - /1 + «i (/a + A) , 
we have 

c oo-k ~ a oo,-k = —2(k — 2)fe 0O) _fc 
4 ^ ^ Coo,— I foo,— m 

8 ^ ^ (^00,— ICqo,— mfoo,— n ^oo,— I foo,— m&oo,— rt) 

- 4 Q - - a 3 - C^&oo ,-(fc-2)^ , 

which implies that aoo-k, Coo-k (k > 2) are inductively determined, because /0 + /2 + /4 
t. 
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1.3.2 f u f i+1 , fa, fi+4 Have a Pole at t = oo 

Proposition 1.13. Suppose that for A^\cti)o<i<5, there exists a rational solution such 
that for some i = 0, 1, 2, 3, 4, 5, f i+1 , f i+2 , / i+4 /iaue a po/e at t = oo and f i+3 , f i+5 are 
holomorphic at t = oo. TTien, fi, fi+i, fi+2, fi+3 have a pole of order one at t = oo. We 
denote this case by Type A (3). 

Proof. By 7r, we assume that h, fi, f 2 , fi have a pole at t — oo. Then, we set 



7o 






" X + 




— h +m + ft 




- X + 




Coo,n2^ 2 "I - ^oo,rt2 




- X + 


/a 


= ^oo,0 + doo-it 1 


+ ••• 




A 


600, 714^ 4 -|- Coo,ra4 


-it" 1 


+ • • 


k /5 


= /oo,0 + foo-lt 1 


+ ••• 





where no, ni, ri2, n 4 are integers and no, ni, n2, n 4 > 1 and aoo,rio^°o,ni c oo,n2 e oo,ri 4 

^ 0. Since 

fi + /3 + h — t, it follows that n\ — 1 and fr^i = 1. 
By comparing the coefficients of the highest terms in 

^/o = /o (/1/2 + /1/4 + hh - hh - hh ~ hh) + Q - «2 - /o + «o (A + / 4 ) , 

we have n 2 = n 4 and Coo,n 2 + e^,^ = 0. 

By comparing the coefficients of the highest terms in 

i^f'2 = h (hh + /3/0 + hfo - hh - hh - hh) + Q - a 4 - a ^j h + "2 (h + h) , 

we get n = n 4 and + e^ nA = 0. 
Therefore, we obtain 

n = n 2 = n 4 = 1, 000,1 = c^i = 1, = -1, 

because fo + h + h — t. □ 

In order to compute the residues of the Laurent series, we have 

Proposition 1.14. Suppose that for A^\a i ) < : i< 5 , there exists a rational solution such 
that for some i = 0, 1, 2, 3, 4, 5, f h f i+1 , f i+2 , h+4 have a pole at t = 00 and f i+3 , f i+5 are 
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holomorphic at t = oo. Then, 



' fi=t + (-QJj+2 - 2a i+3 - a i+A ) t~ l + 

fi+l = t+ (-«j+3 + «i+5) t' 1 H 

/ i+2 = t + («i + «i+4 + 2a i+5 ) t" 1 + • • 
/ i+3 = ai+'st' 1 H 



/«+4 



-t + (-a* + a i+2 + 2a i+3 - 2a i+5 ) t 1 + 
-a i+b t~ l H . 



Proof. By 7r, we assume that / , /i> ^2, fi have a pole at t = oo. From Proposition 11.131 

we set 



7o 


— I + <3oo,0 + a oo 




+ 




= £ + &oo,0 + froo, 


-it' 1 


+ 




t ~\~ CqqQ ~\- C DO) 


-it^ 


+ 


/s 


= <^oo,0 + doo-lt 


~ 1 + - 




/4 


= -t + e^o + e c 


x>,-lt 


-1 


,/5 


= /oo,0 + foo-\t 


+ - 





By comparing the coefficients of the terms t 2 and t in 



2^3 — h {f±h + fifi + /0/1 — /5/0 — hfo ~ /1/2) 



- - a 5 - «i J f 3 + a 3 (f 5 + f{) 



we have g?oo,o = and g?oo,-i = a 3 , respectively. 

By comparing the coefficients of the terms t 2 and t in 

~fs = /S (/o/l + /0/3 + /2/s - /l/2 - flfi - hf\) + Q - «1 - /5 + «5 (/l + /s) , 

we get foofi = and /oo,-i = — «5, respectively. Therefore, since /1 + /3 + /5 = i, it follows 
that 600,0 = and 600,-1 = ~ a 3 + «5- 

By comparing the coefficients of the terms t 2 and t in 



/o = /o (/l/2 + /1/4 + /s/4 - /2/3 - /2/5 - AA) + Q - «2 - «4^ /o + 



"0 (/2 + /i) , 



we have Coo,o + 600,0 = and Coo,-i + eoo,-i = 0:2 + 20:3 + 04, respectively. 
By comparing the coefficients of the terms t 2 and t in 



j/2 = f-2 {hh + /3/0 + /5/0 - / 4 /s - /4/1 - /0/1) + ( - «4 - a J / 2 + a 2 (U + fo) , 
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we get a^o + Coo,o = and _i + Coo,-i = —a — a 4 — 2a 5 , respectively. 
Therefore, since fo + f2 + fi = t, it follows that 

Ooo-i = —"2 — 2a 3 — a 4 , 
Coo ,-i = "o + a 4 + 2a 5 , 
eoo,-i = —olq + a 2 + 2a 3 - 2a 5 . 



□ 



In order to calculate the uniqueness of the Laurent series, we have 

Proposition 1.15. Suppose that for A^\ai)o<i<5, there exists a rational solution such 
that for some i = 0,1, 2, 3, 4, 5, f h f i+1 , f i+2 , f i+i have a pole at t = oo and f i+3 , f i+5 are 
holomorphic at t = oo. Then, it is unique. 

Proof. By n, we assume that /o, /i, /2, fi have a pole at t = oo. From Proposition 11.141 

we set 



7o 


= t + aoo 


— it ~\~ X^fc=2 ^"oo,— kt , 


fx 


= t + b OCt 


4.-1 , Y^+OO 7 ,-k 

— l b ~r A^k=2 u OD,—k L j 


J* 


t ~\~ c OCi 


j--l , Y^+oo ,-k 

— l b ' / yfr — 9 ^OO, — fe (/ ) 


h 


= doo-it 


"I - X^fc=2 ^00, — kt , 


U 


= -t + e ( 


»,— l 1, T 2-^ik=2 ^00,—k 1 ^ 




= foo,-\t' 


-l 1 y^+°° f +— ft 
~T Z^fc=2 Joo,-k L , 



where a^-i, &oo,-ij c oo,-i; ^00,-1, 600,-1, /oo,-i have been determined in Proposition 11.141 
By comparing the coefficients of the terms t~^ k ~ 2 ^ (k > 2) in 

^/s = h {hfs + Ufi + kfi ~ hh ~ hh ~ hh) + Q - « 5 - aij h + « 3 (h + fi) , 



we have 



d 



k-2 



00,— k 



«oo,-(fe-2) 



^ ^ (^^00,— ifoo,— m 2c?oo,— (Cqo,— m "I - ^oo,— fioo,— m) 

+ 2^(4 



00,— t"^oo,— m J oo,— m 



doo,— lb 00,— mCoo- m) 



- - Qti - QJ 3 — « 5 J ,-(fe-2), 
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where the first sum extends over positive integers /, m for which I + m = k — 3, and the 
second sum extends over positive integers I, m, n for which I + m + n = k — 2. Therefore, 
it follows that cioo.-fc (k > 2) are inductively determined. 

By comparing the coefficients of the terms £~( fc ~ 2 ) (k > 2) in 

^/s = /5 (/o/l + /o/3 + /2/3 - /l/2 - /l/4 - /a/4) + Q - «1 - «3 J /5 + "5 (/l + /s) , 



we have 



f - k ~ 2 f 

Joo,—k Joo, — (fe— 2) 



2 

^ ^ (3/oq ; — ldoo t m 2oo,— l^oo,— m foo,—lboo,—m) 
2 ^ ^ (/oo,— ^Q-oo,— m^oo,— n foo,— i^oo,— m^oo,- n) 

- Q - «1 - «3 - «5^j /oo,-(fc-2), 



which implies that 600, -fc, /00,-fe > 2) are inductively determined, because /1+/3+/5 = 
t. 

By comparing the coefficients of the terms t~( fe_2 ) (A; > 2) in 

|/o = /o (/l/2 + /l/4 + /3/4 - /2/3 - /2/5 - .A/5) + Q - «2 - «4 J /o + «0 (/2 + A) , 



we have 



fc-2 

Ooo^fe — 2 Q oo,-(fe-2) — 2(i 0Oj _( fe _2) 



"I - ^ ^ (^Q'oo,— I foo,— m 2(^00,— i6co,—m "I - l&oo,— m) 

~\~ 2 ^ ^ (Qqo,— ibpo,— mfioo,— n ^00,— l&oo,— mfoo,— n) 



1 

- - a - a 2 — a 4 j ,-(k-2), 

which implies that aoo,-fc) (k > 2) are inductively determined. 
By comparing the coefficients of the terms t~( fc ~ 2 ) (A; > 2) in 

£/a = / 2 (fsh + /3/0 + /5/0 - / 4 / 5 - /4/1 - Mi) +(l-a 4 -a )f 2 + a 2 (/ 4 + / ) , 
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we obtain 



fc-2 



Coo,— fc 



Coo, -(fc-2) — 2/ 00j _( fc _ 2 ) 



H~ (2Coo,— ldoo t — m 2/oo,— iCoo,— m "I - Cqo,— iCoo,— m) 

2 ^ ^ (c 00i _;(i 00| _ Tn 6 00| _ n c 00) _/Q 00) _ m 6 00i _ n ) 

1 



a - a 2 - a A -(fc-2) 



which implies that Coo-k, (k > 2) are inductively determined. 



□ 



1.3.3 /i, / i+2 , /i+ 3 , /i+5 Have a Pole at i = 00 

Proposition 1.16. For A^\ai)Q<i<5, there exists no rational solution (/i)o<i<5 snc/i that 
for some i = 0,1,2,3,4,5, f h f i+2 , f i+3 , fi+5 have a pole at t = 00 and f i+ 4,f i+5 are 
holomorphic at t = 00. 

Proof. Suppose that for A^\aj)o<j<5, there exists a rational solution such that for some 
i = 0, 1, 2, 3, 4, 5, /i+2, /i+3, /i+5 have a pole at t = 00. By 7r, we assume that / , / 2 , /3, h 
have a pole at t — 00. Then, we set 

/o ^00, no^ ° a oo,no — 1^ ° ' ' ' ■> 

/1 = ^00,0 + °oo -it 1 + • • • , 

/2 C<x>,n2^ 2 "I - Coo,n2 — 1^ 2 "I - ' ' ' 5 

Z? doQ ji^t 3 -|- C?oo,ri3 — 1^ 3 "I - ' ' ' ; 

/4 — e oo,0 + e oo,-lt 1 + • • • , 

k /5 foo,nr,t 5 + f 00,115 — it ° ' ' ' ■> 

where n ,n 2 ,n 3 ,n 5 are integers and n ,n 2 ,n 3 ,n 5 > 1 and a^^c^^d^^f^^ ^ 0. Since 
fo + f2 + fi = t and /i + / 3 + / 5 = t, it follows that n = n 2 and n 3 = n 5 , respectively. 
We assume that n = n 2 < n% = n§, because we use 7r 3 if no = n 2 > n 3 = n$. 
By comparing the coefficients of the highest terms in 

|/o = /o (/l/2 + /l/4 + /s/4 - Ms - /2/5 - Ufa) + Q - « 2 - 04) /o + « (/ 2 + A) , 



we have d^^ + /oo,n 5 — 0, which implies that n 3 = n 5 > 2. 
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By comparing the coefficients of the highest terms in 
^/a = fa (fafa + fafa + fafa - /5/0 - fafa - /1/2) + Q - «5 - /a + «s (/s + /1) , 

we get ciocno + Coo,n 2 = 0) which implies that = n 2 > 2. 

By comparing the coefficients of the terms t 2no+ns ,t 2no+n3 ~ l , . . . , t 2no+1 in 

^/o = fa (/1/2 + /1/4 + /a/4 - /2/a - /2/5 - fafa) + Q - « 2 - « 4 j fa + «0 (/2 + fa) , 



we have 

doo,nz foo,nr, ^00,713—1 "I - f 00,125 — 1 

which is impossible because fi + fa + fa — t. 



di + fa = 0, 



□ 



1.4 Five of (/i)o<i<5 Have a Pole at £ = oo 

In this subsection, we treat the case in which five of (fa)o<i<5 have a pole at t — oo. 

Proposition 1.17. For A^\aj)o<j<5, there exists no rational solution (fj)o<j<5 such 
that for some i = 0, 1, 2, 3, 4, 5, fa, fa +1 , fa +2 , fa+3, fa+4 have a pole at t = oo and fa +5 is 
holomorphic at t = oo. 

Proof. Suppose that for A^\aij)o<j<5, there exists a rational solution (fa)o<i<5 such that 
for some i = 0, 1, 2, 3, 4, 5, / m , / i+2 , fa +3 , f i+4 have a pole at t = oo and fa +5 is holo- 
morphic at t — oo. By 7r, we assume that fo, fa, fa, fa, fi have a pole at t — oo. Then, we 
set 

fa ^oQ,n{)t ~\~ Q'oo,no—]f "I - ' ' ' , 
h fni _i_ h _|_ . . . 

c f n 2 i r if™ 2-1 4- • • • 

A f™3 _|_ A ,f n ^ 1 4- ■ ■ • 

u, oo,n3< / ""00,113 — 1 ^ ' 



/l 
fa 
fa 
fa 



^oo,ri4 



t™ 4 + e 



00,114— 1 



714— 1 



+ 



/oo,0 + foo -it 1 + 



> 



where n , ni , n 2 , n 3 , n 4 are integers and no,ni,n 2 ,n%, n 4 

^00,710^00^1 Coo, n2^oo, 713^00, ri4 7^ 0" 

Since fa + fa + fa = t, we have only to consider the following four cases 

(1) n = n 2 > n 4 > 1, 

(2) n 2 = n 4 > n > 1, 
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and 



(3) n 4 = n > n 2 > 1, 

(4) n = n 2 = n A > I. 

If the case (1) occurs, by comparing the coefficients of the highest terms in 

i^fi = h (hh + hh + hh - hh - hh - /5/0) + Q - «3 - a^j fi + «i (/3 + h) , 

we have — = 0. On the other hand, since h + h + h = t, it follows that 

Ooo,n + c oo,ri 2 = 0> which is contradiction. 

In the same way, we can prove that the cases (2) and (3) are impossible. Therefore, 
it follows that n = n 2 = n 4 . 

By comparing the coefficients of the highest terms in 



fi = h (hh + /2/5 + hh - hh - hh ~ hh) + Q - «3 - fi + «i (h + h) , 



we have Coo irt2 600,714 *^oo,no 0. 

If riQ = n 2 = n A > 2, it follows that + + e^ nA = because h + h + h = t. 
However, these equations imply that = 0, which is impossible. Therefore, it follows 
that no — n 2 — — 1. 

Since /1+/3 + /5 = t, it follows that n\ = 113. If n\ = n^> 2, we have &oo,m +^oo,n 3 = 0, 
because fi + h + h — t. By comparing the coefficients of the highest terms in 

^/o = /o (/1/2 + hh + /s/4 - /2/a - hh - hh) + Q - "2 - /o + «0 (/2 + h) , 

we get &oo,ni —doo,n :i — 0, which is impossible. Thus, it follows that rii — — 1. Moreover, 
since fi + h + h — t, it follows that 61 + c?i = 1. 
By comparing the coefficients of the term t 3 in 

' |/o = /o (/1/2 + hh + hh - hh - hh - hh) + {\-a 2 - a 4 ) f Q + a (f 2 + / 4 ) , 

l/s = / 3 (/ 4 / 5 + hh + hh - hh - hh - hh) + (| - « 5 - «i) / 3 + <* 3 (/ 5 + h) , 
i/i = h (hh + hh + hh - hh - hh - hh) + (| - «o - « 2 ) h + « 4 (/ + h) , 

we obtain 

{froo,lCoo,l + 1^00,1 + ^oo,ieoo,l — Coo,lrfoo,l = 0, 
e oo, l^oo,l + a oo,l&oo,l — ^oo,l c oo,l — 0, (1-1) 
^OO,l0x),l ^OO, 1^00,1 ^00,1^00,1 Qxi, 1*^00,1 0) 

respectively. The first and third equations in (*) imply that a^i + e^i = 0, because 
froo,i + ^00,1 = 1- Then, the second equation in (*) shows that &oo,iCoo,i = 0, which is 
contradiction. 

□ 
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1.5 All of (/j)o<i<5 Have a Pole at t = oo 

Proposition 1.18. Suppose that for A^\ai) <i< 5 , there exists a rational solution 
(fi)o<i<5 su ch that all of (/»)o<i<5 have a pole at t = oo. Then, f , fa, fa, fa, fa, fa have a 
pole of order one at t = oo. We denote this case by Type C. 

Proof. We set 



7o 


u 'OO,ri0 </ ^ Ul OO,Tl0- 




-i 


+ 


fa 


— ft f™ 1 + ft 




l 


+ 


<f 


Coo,n2^ 2 "I - Coo 5 ri2- 




-i 


+ 


J3 


— W t n 3 4- (j 

u, oo,n3< / "oo^s- 




-i 


+ 


fa 


— p /«4 1 p 

c -oo,n4 1 ' T Coo,n4- 




-i 


+ 


J 5 


fco,rirt 5 + /oo,7i5- 




-i 


+ 



where n , ni, n 2 , n 3 , n 4 , n 5 are integers and n , n i? n 2 , n 3 , n 4 , n 5 > 1 and 

^oo,?io^oo,ni Coo, 112^00,713600, 714/00,115 7^ - 

Since fa + fa + fa — t, we consider the following four cases: 

(1) n = n 2 > n 4 > 1, 

(2) n 2 = n 4 > n > 1, 

(3) n 4 = n > n 2 > 1, 

(4) n = n 2 = n 4 > 1. 

We suppose that the case (1) occurs. By comparing the coefficients of the highest 
term in 



/o = /o (/1/2 + fa fa + fa fa ~ fa fa ~ fafa ~ fafa) + Q - « 2 - a^j fa + a (fa + fa) , 



we have ri\ — 1 and ftoo,i = -■ Moreover, by comparing the coefficients of the highest 
terms in 

l^fi = fa (fafa + fafa + fafa - fafa - fafa - fafa) + Q - «3 - a 5 ^j /1 + on (fa + fa) , 



we get a 



00, no 



^00,?l2 



= 0. On the other hand, we obtain aoo,n + Coo,n 2 — 0, because 



fa + fa + f4: = t. Thus, it follows that a 



00, no 



^oo,ri2 



0, which is contradiction. 



In the same way, we can prove that the cases (2) and (3) are impossible. Therefore, 
it follows that n = n 2 = n 4 > 1. In the same way, we can show that rt\ — n 3 — n 5 > 1. 
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By comparing the coefficients of the highest terms in 



( t f 

2-10 


hihh • /,/, • hh 


- 72/3 


— hh 


- hh) + (1 


— «2 


- "4) h + "o (h + h) 


if 


= fl (hh + ^2/5 + hh 


- ^3/4 


- /3/0 


- / 6 /o) + (\ 


- "3 


- a 5 ) h + Qti (/ 3 + / 5 ) 


if 
2J2 


= f2 (hh + /3/0 + hh 


- hh 


-/4/1 


- /0/1) + (\ 


— «4 


- "o) /2 + «2 (A + /q) 


If 

2-13 


= f3 (hh + /4/1 + fofl 


- /5/0 


- hh 


- /1/2) + (1 


- «5 


- oil) h + «3 (/s + h) 


if 
2U 


= h (hh + hh + /1/2 


— hh 


- /0/3 


- hh) + (§ 


- "0 


- oc 2 ) h + «4 (Jo + h) 


if 


= h (hfi + /0/3 + ^2/3 


-hh 


-/1/4 


- hh) + (5 


— «i 


- "3) h + "5 (fi + h) , 



we have 



^oo,niCoo,n2 "I - boo,ni&oc,ri4 ^00,^3600^4 ^-00^2 ^00,713 Cqo^j foo,n^ ^-oo^^f oo,n§ 0, 

Coo,ri2 *^oo,n3 "I - Coo ,n,2 f 00 ,n$ &oo,rnf oo,n$ ^00, 713^00, 714 ^00,713 *^oo, no f oo,n^oo,riQ 0, 

, . ^00,713600,714 "I - ^00,713 ^oo, no "I - foo,n^oo,nQ ^-oOf-n^f oo,n§ 6 0Ojn4 6 0Oirll <^oo,no^oo,ni 0, 
I ** ) < 

C-oo,riif oo,n^ "I - 600,77,4 ^00, ni ~^ ^oo,riQ^oo,ni foo,ns^oo,no foo,nc,Coo,ri2 ^00, ni 600,712 ^> 

foo.na ^00, no "I - f oo,n^oo,n2 ^00, ni 600,712 ^00, no ^00, ni ^OD,no^oo,ri3 Coo,n2^'oo,n3 0, 

k *^oo,no^oo,ni "I - ®'OQ,n()d'oc J) nz 6qo, n2*^oo,n3 ^oo,ni6oo,n2 ^oo,ni6oo,n4 ^oo,n36oo,n4 0- 

From the first and second equations in (**), we have 

^oo,ni6oo,n2 "I - ^oo,ni6oo,n4 ^oOjns^oo^o /oo,7i5^oo,no 0' (1-2) 

We consider the following four cases: 

(1) no = = n 4 > 2 and rii = = n 5 = 1, 

(2) ni = n 3 = n 5 > 2 and no = «2 = n 4 = 1, 

(3) ni = rt3 = ns > 2 and no = n2 = n 4 > 2. 

(4) n = n 2 = n 4 = 1 and ni = n 3 = ns = 1, 
If the case (1) occurs, we get 

<^oo,no "I - 6oo,n2 "I - 600, n4 and 600, 1 "I - ^00, 1 "I - /oo,l 1; 

because fo + h + fi = t and fi + h + h = t, respectively. From fll.2p . it follows that 

^oOjno ^oo,l ( ^oo^o) ( 3 , oo,no(l ^00, l) ^oo,l(6oo,n2 "I - 600^4) O'oo,^) (^00, 1 "I - foo,l) 0, 

which is impossible. In the same way, we can prove that the case (2) is impossible. 

We consider the case (3). Then, since h + h + fi — t and fi + h + h — t, it follows 
that 

^oo,no 600, n2 "I - 600, n4 and &oo,ni "I - ^oo,n3 "I - foo,n^ 0, 
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respectively. By considering (**) and comparing the coefficients of the terms t 2no+ni or 



£2rti+no j n 












( 1 f 

2-10 ~ 


./ui/,/2 • /,/; • /:,/. 


— 72/3 


— 72/5 


- / 4 / 5 ) + 




- Oi±) f + a (f 2 + / 4 ) 


if - 
2J1 - 


fl (/2/3 + /2/5 + fifb 


- 73/4 


— /3/0 


- /s/o) + 


[\-OLS 


- a 5 ) /1 + «i (/ 3 + / 5 ) 


if - 

2J2 — 


f2 {fzfi + /3/0 + /5/0 


- fih 


-/4/1 


- /0/1) + 


[\-OLi 


- a ) h + "2 (/4 + /o) 


if - 
2-13 — 


h {hh + /4/1 + /0/1 


— /5/0 


~ 75/2 


- /1/2) + 




- «i) / 3 + a 3 (/ 5 + /1) 


if - 
2-14 — 


fi (/5/0 + 75/2 + /1/2 


— /0/1 


— /0/3 


- /2/s) + 


[| ~~ a o 


- a 2 ) U + «4 (/o + ft) 


If - 


/s (/0/1 + /0/3 + 72/3 


- /1/2 


- /i/4 


- / 3 / 4 ) + 




- "3) /s + «5 (/1 + ^3) , 


we have 















^OOjno^OO,?!! 


-1 


2^oo,riiCoo,rio- 


-1 


"I - ( Coo, no 


Coo,no)^oo,m- 


-1 


"I - 2 i / OO)ril 6 OO)?10 _ 


-1 


&oo,nofoo,ni- 


-1 




-1 


■ i,, ^oo,no U/ oo,ni- 


-1 


"I - \doo,n\ 


foo,ni )Coo,no- 


-1 


"I - 2fl 0O]? iQ i / OOl ni 


-1 


boo,n\ Ooo,no 


-1 


Coo,no^oo,ni 


-1 


— 2d p 


-1 


~l~ (Coo,no 


^oo,no) foo,ni 


-1 


"I - 26 0o ni Goo, no 


-1 


Coo, no ^00, ni- 


-1 


^00, niCoo,no 


-1 


2e OOjn0i / OO!ni - 


-1 


+ (/oo,ni 


boo,ni )Ooo,no 


-1 


"I - 2c OOiri0 6 OO;ni - 


-1 


^oo,niCoo,no- 


-1 


Coo,no/oo,ni 


-1 


2 J "oo,ni^ oo,no- 


-1 


"I - (Ooo,no 


Coo,no)^oo,ni 


-1 


"I - 2(i OOiril c OOjn0 


-1 


- p r/ 

''OOjno oo,ni 


-1 


/oo,riiOoo,?io 


-1 


2ooo,no^oo,ni- 


-1 


~l~ (boo,ni 


doo,n\ )Coo 5 no 


-1 


"I - 2e 00ino o' 00)ni 


-1 


foo,ni^oo,no 


-1 



Moreover, we define the matrix A and the vector u by 



/ 



and 







"00, m 

2&oo,ni 
/oo,ni ^00, ni 
,ni 

\ /oo,ni 



4 oo,no 





Coo,no ^oo,no 



^00, no 



2c, 



00, n2 

2a 



"00, ni 





-2c 



00, no 



^00, no 



2/oo ,ni G 
doo,ni foo,n\ 2(3 
-2doo n-i 



00, no 
00, no 



00, no 



2r/ 

■ i,u 'oo,ni 
^00, ni ^cc,ni 



^00, no 



00, ni 





-2e, 



2e 



00, no 



"/oo, 



00, no 



■-oo,no 



ni 



v^oo,no — 1) ^oo,ni— 1) Cqo^q — I, doo,m — 1) Coo, no— 1) foo,ni — l)j 

respectively. Thus, the system of equations (* * *) is given by 

Au = 0. 

By fundamental transformations of A with respect to rows, we have 






Goo, no 





Goo, no 





Goo, no 


-b 





boo,ni 





^oo,ni 








Coo, no 





Coo, no 





Coo,no 








^oo,ni 


Coo,no 


/oo,ni 


Goo, no 




















/oo,ni 








Coo, no 





Goo, no 
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which implies that 




0. 
0. 



which is impossible because A + A + A — t and A + f 3 + A = t. 



In order to compute the residues of the Laurent series, we have 

Proposition 1.19. Suppose that for A^\ai)o<i<5, there exists a rational solution such 
that all of (fi)o<i<5 have a pole at t = oo. Then, 



7o = 


\t + (2ai + a 2 


— Ct4 


-2a 5 )r 


- x + 


h = 


\t + (2a 2 + a 3 


- a 5 


- 2ar )t" 


- x + 


A = 


|t + (2a 3 + a 4 


- a 


- 2ai)r 


- x + 


A = 


\t + (2a 4 + a 5 


— ai 


-2a 2 )t~ 


- x + 


A = 


\t + (2a 5 + a 


- «2 


-2a 3 )r 


- x + 


J 5 — 


\t + (2a + ai 


- a 3 


- 2a 4 )r 


- x + 



where aoo^&oo.iCoo.iaWeoo^Ao,! 7^ and a^i + Coo,i + eoo,i = 1 and &oo,i + 4o,i + Ao,i = 1, 
because / + f 2 + fi = t and A + A + A = t. By comparing the coefficients of the term 
t 3 in 



2J 


3 = fo (A/2 + /l/4 + A A 


— A A 


~ A/s 


- / 4 / 5 ) + {\ 


- OL 2 


- 04) A + a (A + A) 


l f 
2-1 


I = /l (A A + /2/5 + AA 


— A A 


— /3/0 


- /5/0) + (\ 


- « 3 


- a 5 ) A + ai (A + A) 




2 = /2 (/a/4 + /3/0 + /5/0 


— A A 


-/4/1 


- AA) + (| 


— «4 


- a ) A + «2 (A + A) 


y 


b = A (A/s + /4/1 + /0/1 


— /5/0 


— A/2 


- /1/2) + (| 


- « 5 


- ai) A + a 3 (A + A) 


1/ 


4 = A (/5/0 + A/2 + /1/2 


— /0/1 


— /0/3 


- / 2 / 3 ) + (§ 


- a 


- oi 2 ) A + a 4 (A + A) 


< ~2~f 


5 = /5 (/o/l + /0/3 + A A 


-/1/2 


-/1/4 


- A/4) + (§ 


— «1 


- "3) A + "5 (A + A) , 



□ 



Proof. By Proposition 11.191 we set 
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we have 



(*)< 



"00,1600,1 


^00,1600,1 


+ ^oo,ieoo,i — 


600,1^00,1 


600,1/00,1 


600,1/00,1 " 


= 0, 


600,1^00,1 


"I - 6oo,l foo, I 


"I - 6oo,l foo, I 


"00,1600,1 


^00, 1^00,1 


/oO, 1^00,1 


= 0, 


^00,1600,1 


+ ^00,1^00,1 


foo, l^oo,l — 


600,1/00,1 — 


600,1600,1 


^00,1600,1 


= 0, 


600,1/00,1 


"I - 600,1600,1 


+ «oo, l6oo,l — 


/oo, l^oo,l 


/oo, l6oo,l 


600,1600,1 " 


= 0, 


foo, l^oo,l 


foo, l6oo,l 


"00,1600,1 


^oo,l"oo,l 


^00,1^00,1 


600,1^00,1 


= 0, 


k a oo, l^oo,l 


+ Ooo^doo,! 


~l~ 600,1^00,1 


^00,1600,1 


^00,1600,1 


^00,1600,1 


= 0. 



By the sums of the first and second equations, the second and third, the third and forth, 
the forth and fifth, the fifth and sixth, the sixth and first in (*), we have 

^00,1 6oo,l 6oo,l <^oo,l 6oo,l /oo,lj 

which implies that 

By comparing the coefficients of the term t 2 in 

'|/o = fo (/1/2 + /1/4 + hh - hh - hh - hh) + (| - « 2 - « 4 ) /o + « (/ 2 + h) 
lf[ = h (/ 2 / 3 + hh + / 4 / 5 - hh - hh - hh) + (| - « 3 - « 5 ) /1 + «i (/ 3 + / 5 ) 

< I/2 = /2 (/a/4 + /3/0 + hh ~ hh - hh ~ hh) + (| - « 4 - « ) h + « 2 (/ 4 + fo) 

* l/s = /s (/ 4 / 5 + /4/1 + /0/1 - hh - hh - hh) + (| - « 5 - «i) / 3 + a 3 (/ 5 + A) 

I/4 = /4 (/5/0 + /s/ 2 + /1/2 - hh - hh - hh) + (| - u - a 2 ) h + «4 (fo + h) 

M = h (hh + hh + hh - hh - hh - hh) + (§ - «i - « 3 ) h + « 5 (/1 + / 3 ) , 

we get 



(□) 



2600,0 


— 600,0 


+ eoo,o 


~~ 2/oo,0 


= 0, 


26oo,0 


— ^00,0 


+ /oo,0 


~~ 2aoo,o 


= 0, 


^ 2rfoo,0 


— 600,0 


+ a oo,0 


- 2600,0 


= 0, 


2eoo,o 


— /oo,0 


+ 600,0 


— 2Coo,0 


= 0, 


2/oo,o 


— ^oo,0 


+ 600,0 


— 2g?oo,o 


= 0, 


,2aoo,o 


— 600,0 


+ ^oo,0 


— 2eoo,o 


= 0. 
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We define the matrix B and the vector v by 



/ o 


2 


-1 





1 


2 \ 


-2 





2 


-1 





1 


1 


-2 





2 


-1 








1 


-2 





2 • 


-1 


-1 





1 


-2 





2 


V 2 


-1 





1 


-2 


o / 


*(Ooo,0, 




Coo,0 






/oo,o) 



respectively. Then, the system of equations, (□), is expressed by 

Bv = 0. 

By fundamental transformations of B with respect to rows, we get 








-1 





1 





\ 











1 





-1 




1 











-1 

















































1 





-1 








/ 



which implies that 

Ooo,o = £00,0 = eoo^ and 600,0 = doo,o = /<x>,o- 

Therefore, we obtain 



a oo,o — c oo,o — e oo,o — and 600,0 — ^00,0 — /oo,o — 0, 

because fe + fe + fe = t and f 1 + f 3 + f 5 = t. 
By comparing the coefficients of the term t in 



( t £1 


= fe (/1/2 + fife + fefe 


— fefe 


~ fefe 


- fefe) + (§ 


— a 2 


- "4) fe + «0 (fe + fe) 


Lf 


= fe (fefe + 72/5 + fefe 


- fefe 


— fefe 


- / 5 /o) + (§ 


- "3 


- a 5 ) fe + ai (/ 3 + / 5 ) 


Lf 
2 J 2 


= f2 (fefe + /3/0 + /5/0 


- fefe 


~ fefe 


" fefe) + (§ 


— 0:4 


- «o) /2 + «2 (/4 + /o) 


Lf 

2J3 


— /3 (fife + /4/1 + fefe 


~ fefe 


~ fefe 


" fefe) + (§ 


- "5 


- «i) / 3 + a 3 (fe + /1) 


Lf 


— fe (fefe + /5/2 + fefe 


— fefe 


— fefe 


- / 2 / 3 ) + (§ 


- a 


- a 2 ) A + «4 (fo + fe) 


Lf 
K2J5 


= fe (/0/1 + /0/3 + ^2/3 


-fefe 


- fefe 


" /3/ 4 ) + (§ 


— OL\ 


- a 3 ) fe + «5 (fe + fe) , 
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we get 



(□□) 





-1 


Coo, 


-1 + £00,-1 


2/00, 


-i = 3(- 


-2a + 0L2 + 014), 


■^^oo,- 


-1 


doo, 


-1 + f 00,-1 


2(X(X), 


-i = 3(- 


-2ai + a 3 + ag), 




-1 


Coo, 


-1 + Ooo,-1 


- 26oo, 


-i = 3(- 


-2a2 + a 4 + a ), 




-1 


foo, 


-1 + Ooc,-1 


— 2r 


-i = 3(- 


-2a;3 + a 5 + ax), 


2/00, 


-1 


^oo, 


-1 + Coo,-l 


-2rfoo, 


-i = 3(- 


-2a 4 + a + «2)) 


k 2a 00j 


-1 


- 6oo, 


-1 + ^oo,-l 




-i = 3(- 


-2a 5 + ofi + a 3 ). 



Since fa + fa + fa = t and fa + fa + fa = £, from (□□), we obtain 



( 

Goo, 


-1 


= 2ai 


+ a 2 


— «4 


- 2a 5 


&oo,- 


-1 


= 2a 2 


+ «3 


- «5 


- 2a 


Coo, 


-1 


= 2« 3 


+ «4 


- a 


- 2ai 


doo, 


-1 


= 2a 4 


+ «5 


— ai 


-2a 2 


Coo, 


-1 


= 2a 5 


+ a 


— a 2 


- 2a 3 


k /oo, 


-1 


= 2a 


+ ai 


- a 3 


— 2ct 4 



□ 

In order to prove the uniqueness of the Laurent series, we have 

Proposition 1.20. Suppose that for Ag (aj)o<j<g, there exists a rational solution 
(fi)o<i<5 such that all of (/i)o<i<5 have a pole at t = 00. Then, it is unique. 

Proof. By Proposition II. 20( we set 

fo = \t + O-oo-lt 1 + Y2k=2 a oo,-kt k , 

fl = \t + &oo,-l^ 1 + X]fc=2 boo,-kt~ k , 

^ fa — 3^ + c oo,-l/ 1 + 2~^fc=2 C oo,-kt k ) 

fi = \t J r rfoo.-l^ 1 + 2~^fc=2 doo,-kt~ k , 

f4 = ~^t-\- Coo, — it + X^/c=2 Coo,— fc^ , 

^/fi 3^ ~l" foo, — it 4~ X^fe=2 foo,—kt , 

where aoo,-i, 600,-1, Coo,-i, ^00,-1, Coo,-i, /oo,-i have been determined in Proposition 11.201 
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By comparing the coefficients of the term t ^ k 2 ) (k > 2) in 
( I/o = A (/1/2 + /1/4 + AA - / 2 / 3 - AA ~ hh) + (I - «2 - a 4 ) A + «o (/ 2 + / 4 ) 

§A = /1 (/ 2 / 3 + AA + hh - hh - hh - hh) + (§ - « 3 - <* 5 ) /i + «i (/ 3 + / 5 ) 

5/2 = /2 (hh + hh + hh ~ hh - hh ~ hh) + (| - a 4 - a ) / 2 + a 2 (/ 4 + / ) 

|/ 3 = / 3 (AA + /4/1 + hh - hh - hh - hh) + (| - « 5 - «i) h + « 3 (/ 5 + A) 
§A = A (A/o + A A + A A - AA - AA - AA) + (5 - «o - « 2 ) A + « 4 (A + A) 
k I A = A (AA + AA + AA - A A - A A - A A) + (§ - «i - «s) A + « 5 (A + A) , 

we have 

9 (\ \ 

26oo,-fc - Coo -fc + Goo-k - 2/oo _ fe = --(k - 2)a 00 -(k- 2 ) -9 ( - — a — a 2 — a 4 1 Qoo,-(fe- 2 ) 

3 ^ ^ (Qqo,— /^oo,— to d 00 —i& 00 -. m ~\- Cqo — /Oqo,— to 

CrX), — ldrX},—m OoO, — 1^00,— m fcO,—l&CO,— to) 

2 ^ ^ (Qqo,— ibpci,— m-Cpo,— n Q>co,—l&co,—mfco,—n)i 

9 /l \ 

2coo _fc — c?oo + /oo -it — 2aoo _ fe = — - (A; — 2)6^ _( fc _ 2 ) — 9 ( - — «i — a 3 — a 5 J b 00 _^ k _ 2 ) 

3 (boo,— /Coo,— m "I - Coo,— if oo,— to "I - foo,—lboo,—m 

doO, — /Coo,— TO ^OO, — i^OO, — TO Oqo, — i^OO,— TO.) 

2 ^^(fooo,— jCoo,— m doo,— n ^oo,~l/oo,-mfloo,-ti)) 

9 /l \ 

2doo-k — eoo _fc + cioo ,-fc — 26oo _fe = — -(A; — 2)^ ,-(fe- 2 ) — 9 ( - — a — « 2 — a 4 J c 00 ,_(fc_2) 

3 ^ ^ (Cqq,— /^oo,— to "I - Ao,— Z^oo,— m "I" ^OO,— /Cqo,— m 

Coo,— // oo,— m Cqo^jCoo,— m ^oo,— /Coo,— m) 

2 ^ ^ (cpo, — id co, — to Cqo, — h Coo,— /Ooo,— m^oo,— n) j 

9 /l \ 

2eoo _fc - /oo,-fe + &oo,-fe - 2coo,-fc = ~~ 2 )^°o ,-(fc-2) - 9 ( - - «i - a 3 - a 5 j c^, ,-(fc- 2 ) 

3 (c^oo,— /Cqo,— to "I - ^oo, — lb co, — to "I - ^oo, — id CO, — TO 
f co , — l^oo, — to d 00 ,—lfco,—m Cco,—ldco,—m) 

2 ^ ^^ {dco,— fCpp,— to/oo,— ra ^oo,— Z^oo,— m-Coo,— ra) j 
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2/oo,— k <^oo,— fc Cqo,— fc 2(ioo,— fc 



9 

- 2 ' 



2a 



00,— k 



■'00,— k 



+ d 



00,— k 



2e 



00,— k 



-(k - 2)eoo ,-(fe-2) - 9 I - - a - a 2 - a A J _( fe _ 2 ) 

3 ^ ^ (Cqq,— ifoo,— m b co ,—lCco ,—m ~\~ Coo,—l&oo,—m 
^00,— fioo,— m Coo,— I&00,— m ^00,— l&oo,—m) 

2 ^ ^ (cpo,— ifoo,— m-Qpo,— n C 00i _/C 00 _ m (i 00r _ ra ) , 

-^(fc - 2 )/oo ,-(fe-2) - 9 Q - «i - « 3 - tt 5 ^ /oo,-(fc-2) 

3 ^ ^ (/oo,— I&00,— m Coo,— idoo,— m ^00,— if oo,~ rn 

^00,— /Cqo,— m foo,— i^oo,— m Cqo,— if 00,— m) 
2 ^ ^ (/oo,— idpo,— m^oo,— n foo,— Z^oo,— mCoo,- n) j 

where the first sum extends over positive integers /, m for which / + m = A; — 3, and the 
second sum extends over positive integers /, m, n for which / + m + n = A; — 2. 

This system of equations with respect to _ fc , 6^ _ fe , Coo _ fc , _ fe , _ fc , /«, _ fc is ex- 
pressed by 

5v fc = Vjfc_i, 

where 5 is defined by 



5 



/ 





2 


-1 





1 


2 


\ 




-2 





2 


-1 





1 






1 


-2 





2 


-1 












1 


-2 





2 


-1 






-1 





1 


-2 





2 




V 


2 


-1 





1 


-2 





/ 



and Vfc is defined by 

Vfc (^oo,— ki boo,— ki Coo,— fc; doo,—ki &oo,—ki foo,—k) j 

and all the components of v fc _i are expressed by 

Uoo-h boo -l, Coo -l, doo-h Zoo-h foo ,-i (1 < I < — 1)- 

By fundamental transformations of -B with respect to rows, we get 



B 



(o 





-1 





1 





\ 











1 





-1 




1 











-1 

















































1 





-1 








/ 
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which implies that _ fc , Cqo doo,-fc, _ fc , _ fc (/c > 2) are inductively de- 

termined, because fo + f2 + f4 — t and / x + / 3 + / 5 = t. □ 

1.6 Summary 

In this subsection, we summarize the results of the Laurent series of a rational solution 
(fi)o<i<5 an d show basic properties of (/j)o<i<5- Furthermore, we give examples of rational 
solution of A b (ai) <i< 5 . 

1.6.1 The Laurent Series of (/j)o<j<5 at t = oo 

Proposition 1.21. Suppose that (fi)o<i<5 is a rational solution of A^,{ai)o<i<^. fi (i = 
0, 1, 2, 3, 4, 5) are uniquely determined near t = oo as the following five types: 
Type A (1) if fi, fi+i have a pole at t = oo and f i+2 , f i+3 , fi+4, fi+5 are regular at 
t = oo for some i — 0,1, 2, 3, 4, 5, 

fi = t- (a i+2 + a i+A ) t' 1 H 

fi+i = t+ (a i+3 + a i+5 ) t~ l H 

^ fi+2 — Oti + 2t 1 + • • • 
fi+3 — ~ a i+ 3 t 1 + • • • 
fi+4 — Oti + /±t 1 + • • • 
Ji+5 = — + " " " ; 

Type A (2) if fi, fi+3 have a pole at t = oo and f i+1 , f i+2 , f i+4 , f i+5 are regular at 
t = oo for some i — 0,1, 2, 3, 4, 5, 



'fi = 


t + (a i+2 - a i+4 ) t' 1 + • • 


fi+1 


= a i+1 t~ l H 


< fi+2 


= -a^t' 1 H 


fi+3 


— t+ (ojj+5 - a i+ i) t^ 1 + 


fi+4 


= a^t -1 H 


K fi+5 


— — <^j+5^ 1 + • • • ; 
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Type A (3) if f h f i+1 , f i+2 , f+4 have a pole at t = oo and f i+3 , f i+5 are regular at t = oo 
for some i — 0,1, 2, 3, 4, 5, 

' fi = t+ (-ati+2 - 2a i+3 - a i+ 4) t~ x H 

fi+i = t + (-a i+3 + a i+5 ) t" 1 H 

fi+2 = t + (a, + a i+4 + 2a i+5 ) H 

/i+3 = H 

/i+4 = — * + {-a.i + aj +2 + 2aj +3 - 2a i+5 ) t^ 1 H 

. /i+5 — ~~ a i+5^ 1 + ' • • ; 

Type B if f h f i+1 , f i+2 , f i+3 have a pole at t = oo and f i+4 , f i+5 are regular at t = oo 
for some i — 0,1, 2, 3, 4, 5, 

' fi = \t+ (oti+i - - 2a i+4 - «i+5) t' 1 H 

/i+i = + (-«» + - ch+a) H 

< /i+2 — I* + + "i+3 + H 

/i+3 = + («i - «i+2 + «i+4 + 2a i+5 ) H 

/i+4 = 2aj + 4t _1 + • • • 
k /i+5 — ~~ 2a i+5 t 1 + • • • ; 

Type C i/ a// i/ie rational functions of (/j)o<i<5 /lave a po/e at t = oo, 

' fo = \t+ (2«i + a 2 - «4 - 2a 5 ) t" 1 H 

h = \t+ (2a 2 + a 3 - a 5 - 2a ) t" 1 H 

f2 = \t+ (2«3 + «4 - «o - 2ai) H 

/3 = |* + (2a 4 + a 5 — an — 2a 2 ) t~ l H 

fi = \t+ (2a 5 + a - a 2 - 2a 3 ) t^ 1 H 

J5 = lt+ (2a + a 1 -a 3 - 2a 4 ) t^ 1 H . 

We a/so denote Type A (1) by (fi,f i+1 )oo, Type A (2) by (/;, /; +3 )oo, Type A (3) by 
(fi, fi+i, fi+2, fi+A)oo, Type B by (f h f i+1 , f i+2 , f i+3 , f i+4 )oo, respectively. 

1.6.2 Basic Properties of Rational Solutions 

By using the uniqueness of the Laurent series at t = oo, we show that f\ (0 < i < 5) are 
odd functions. 

Proposition 1.22. //(/j)o<i<5 is a rational solution of A 5 (ai) <i< 5 , f\ (i = 0, 1,2,3,4,5) 
are odd functions. 
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Proof. It can be proved in the same way as Corollary 1.4 in [7]. □ 

Furthermore, from the uniqueness of the Laurent series at t = oo, we have 
Proposition 1.23. Suppose that (/i)o<i<5 is a rational solution of A 5 (aj)o<i<5. 

Type A (1): ft, f i+1 have a pole at t = oo and f i+2 , f i+3 , /i+4, fi+5 are regular at 
t = oo for some i — 0, 1, 2, 3, 4, 5. Then, 



fi+2 


= 


if 


CXi- 


1-2 


= 


< /i+3 


= 


if 


Oii- 


1-3 


= 


/i+4 


EE 


if 


Oii- 


h4 


= 


, /i+5 


EE 


if 


Oii- 


1-5 


= 



Type A (2): f u f i+3 have a pole at t = oo and f i+1 , f i+2 , f i+i , f i+5 are regular at t = oo 
for some i — 0, 1, 2, 3, 4, 5. Then, 

' /i+i ee i/ = 

fi+2 = i/ a l+2 = 

/i+4 ee if a i+4 = 
, /i+5 = if a i+5 = 0. 

Type A (3): f h f i+1 , f i+2 , /i+4 have a pole at t = oo and f i+3 , f i+5 are regular at t = oo 
for some i — 0, 1, 2, 3, 4, 5. Then, 

/i+3 ee z/ a i+3 = 

/i+5 EE Z'/ Oi+5 = 0. 

Type B: f u f i+1 , f i+2 , f i+3 have a pole at i = oo and f i+4 , f i+5 are regular at t = oo for 
some i — 0, 1, 2, 3, 4, 5. Then, 

/i+4 EE if Cti+4 = 
/i+5 EE if Cti+5 = 0. 

1.6.3 Examples of Rational Solutions 

By considering Proposition 11.211 we & ve examples of a rational solution of 74 5 (ai) <i<5. 
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Proposition 1.24. Type A (1) for some i = 0,1,2,3,4,5, 

fi — fi+l — t, fi+2 = fi+3 — fi+4 = fi+5 = 

aci + a i+ i = 1, a i+2 = a i+3 = a i+A = a i+5 = 0; 
Type A (2) for some i = 0,1,2,3,4,5, 

fi — fi+3 — t, fi+l — fi+2 = fi+4 = fi+5 = 

a» + a i+3 = 1, a i+ i = a i+2 = a i+A = a i+5 = 0; 
Type A (3) for some i = 0,1,2,3,4,5, 

fi = fi+l = fi+2 = t, fi+3 = 0, / i+ 4 = —t, /j +5 = 

<y-i = ai+2, an + a i+i = 0, a i+3 = a i+5 = 0; 
Type B for some i = 0,1,2,3,4,5, 

fi — fi+l — fi+2 — fi+3 = fi + 4 = /j + 5 = 0, 

^ ai = a i+2 , a i+ i = a i+3 , a i+4 = a i+5 = 0; 

Type C 

fo — fl — f2 — f3 — f± — f& — 
«0 = «2 = «4, Oil = «3 = «5- 

Proof. It can be proved by direct calculation. □ 



2 The Laurent Series of (/i)o<z<5 at t = 

In this section, we prove Proposition 12. 1\ where we calculate the Laurent series of 
fi (i = 0,1,2,3,4,5) at t — 0, whose residues are expressed by the parameters a-,- (j = 
0,1,2,3,4,5). 

Furthermore, in Corollary 12. 21 we show the conditions under which by some Backhand 
transformations, {fi)o<i<5 can be transformed into a rational solution such that all the 
rational functions are regular at t — 0. 

Proposition 2.1. Suppose that (/i)o<i<5 is Q> rational solution of y4 5 (oj)o<j<5. 
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(1) If fi, fi + 2 have a pole at t = for some i — 0, 1, 2, 3, 4, 5, 



fi= 


(a i+ i - a i+3 - a i+5 ) t 1 


+ ••• 


fi+1 


— ai+1 t 1 




^ fi+2 


= (— Oii+i + a i+3 + a i+5 ) 




fi+3 


— ~ a »+3 £ | 




fi+4 


= a i+i t + • ■ ■ 




fi+5 

V 


— + 5 £ 1 





(%) // /j, / i+2 , /i+3, /i+5 have a pole at t = /or some 2 = 0,1, 2, 3, 4, 5, 

/; = (oij - a i+3 - 2a i+4 - a i+5 ) t _1 H 

f. _ _ a i + l £ _)_... 

^*+! ai-a i+3 -2a i+ 4-a i+5 ' 

fi+2 = {-oti + «i+3 + 2a i+4 + a i+b ) t" 1 H 

/i+3 = (—<Xi - 2a i+1 - a i+2 + a i+4 ) t~ l H 

f _ a ^+4 J- _|_ 

Ji+4 — — — : 7, ~ ' "T 

/i+5 



— ai-2a i+ i— a i+2 +a i+ 4 

(ai + 2a i+ i + a i+2 - a i+4 ) t^ 1 + ■ ■ 



We denote the case (1) by {fi, f i+2 )o and the case (2) by (fi, f i+2 , fi+3, /i+s)o, respectively. 
Proof. It can be proved by direct calculation. □ 



By Proposition 12. 11 we can transform a rational solution of A$(ai)o<i<5 into a rational 
solution such that all the rational functions fi (i = 0, 1, 2, 3, 4, 5) are regular at t — 0. 



Corollary 2.2. Suppose that (fi)o<i<5 is a rational solution of A 5 (a 



i)0<i<5- 



(1) If f\, fi+2 have a pole at t = and ati+i ^ for some i = 0,1,2,3,4,5, by 
s i+ii (/j)o<j<5 can be transformed into a rational solution all the rational functions of 
which are regular at t = 0. 



(2) If fi, fi+2, fi+3, fi+5 have a pole at t = and a i+1 , a i+A ^ for some 
i = 0,1,2,3,4,5, by Si+iSi+4, (/j)o<j<5 can be transformed into a rational solution 
all the rational functions of which are regular at t = 0. 



3 The Laurent Series of (/«)o<z<5 a ^ t = c G C* 

In this section, we prove Proposition I3.1[ where we calculate the Laurent series of fj (j = 
0, 1, 2, 3, 4, 5) at t = c 6 C*, whose residues are half integers. 
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Furthermore, from the residue theorem, we prove Corollary 13. 2[ which we use in order 
to obtain necessary conditions for A 5 (ctj) <j< 5 to have rational solutions. 

Proposition 3.1. Suppose that (fi)o<i<5 is a rational solution of A^,(ai)o<i<5- 
If fi, fi + 2 have a pole at t = c for some i — 0, 1, 2, 3, 4, 5, 



(!) 



'h = 


|(t- C )-l + {| 


fi+l 


= c+(l + 2a l+3 


< fi+2 


= -i(t-c)- 1 + 


fi+3 


= -2a i+3 (t - c) 


fi+i 


= 2a ; +4 (t c) + 


^fi+5 


= -2a i+5 (t - c) 



+ 



1 1_ 

4c 2c 



,Qii+l — Cti+3 — 0^+5, 



or 



(2)< 



fi = 

fi+l 
fi+2 

fi+3 
fi+A 
fi+5 



+ {h i a i + + "4 - |) + ^ - ^ (a i+3 - a l+5 + c) + f } + ■ • 

= -2a i+1 (t — c) H 

= §(*-c)- 1 

+ {^- (a< + + «4 - |) - ^ + ^ K+3 - ai+5 - c) + f | + • 



Qo,i+3 + ^ <7o,i+39o,i+5 



4go,i+4 



2 + 



4g0,i+3 



2<?0,»+3 n 



) +2a i+3 }(t-c) + 



<?0,i+4 + \ -%,i+i{ c — Q0,i+4)(q0,i+5 ~ %,i+3) 

-'— (a i+ i - a i+3 - a i+5 ) + 2a i+4 |(t - c) + 



?0,i+5 + | <?0, i+3Q0,i+5 



4<?Q,i+4 



. 4g , i+5 

H ; — ttj+l 



2<?0,»+5 / 1 



- - a i+3 - a i+5 ) + 2a i+5 |(t - c) + ■ ■ 



where qo,i+3, ?oi+4, ?oi+5 « r e arbitrary constants. 
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If fi, fi+2, fi+3, fi+5 have a pole at t = c for some i = 0, 1, 2, 3, 4, 5, 

n i+2 — «i+4 — |) + f | + •• 



or 



or 



(3K 



(4H 



/i = 

fi+2 
fi+3 
fi+4 
fi+5 

17* = 

fi+l 
fi+2 
fi+3 
fi+4 
fi+5 



+ 



\{t-c)- 1 + |^ (oi + 2a <+1 + 
-2a i+ i(t — c) H 

§(t - c)" 1 + |=i (ati + 2a i+1 + a i+2 - a i+4 - f) + f J 
-§(< - c) _1 + |i + « i+3 + 2a i+4 + a i+5 - i) + § j + 

-2a i+i (t — c) H 

§(* - c) _1 + |=i (-a i+ i + a i+3 + 2a i+4 + a i+5 - \) + f J + • 



f(t - c)- 1 + 0(t - c) 



-\a i+l (t — c) H 

i(t - c)- 1 + || - i - a i+3 - 2a i+4 - a i+5 + | ) J H 

c + (1 + 2«i + 4a i+ i + 2a i+2 ) (t - c) H 

- c) -1 + 1 1 + ^ (a m - a i+3 - 2a i+4 - a i+5 + §)} + ■ 



' fi = \{t ~ c Y l + {f + + «*+3 + 2a i+4 + a i+5 + |)| H 

= c + (1 + 2a i+3 + 4a i+4 + 2a i+5 ) (t - c) H 

/i+2 = - C) _1 + |f + 27 (~ a i+l + a i+3 + 2«i+4 + «i+5 + |) } + ' ' 



\(t - c)- 1 + 0(t - c) 
\a i+4 (t - c) H 



(5)< 

/i+3 
/i+4 

U+5 = |(<-c)- 1 + 0(t- C ). 

VFe denote the case (1) by (fi, fi +2 )(I), the case (2) by (fi, fi+2) (I I), £/ie case (3) 
by (f h fi+2, fi+3, fi+5) (I), the case (4) by (fr, f i+2 , f i+3 , f i+5 )(II), the case (5) by 
(fi, fi+2, fi+3, ft+5)(IH), respectively. 



Proof. It can be proved by direct calculation. 



□ 



If (fi)o<i<5 is a rational solution of A 5 (aj)o<j<5, it follows from Corollary 11.221 that 
fi (i = 0,1,2,3,4,5) are odd functions. Therefore, if c G C* is a pole of fj for some 
j = 0,1,2,3,4,5, — c is also a pole of fj with the same residue. Since the residues at 
t = c G C* are half integers, from the residue theorem, we get the following corollary: 
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Corollary 3.2. //cGC* is a pole of fi for some i = 0,1, 2, 3, 4, 5, —c is also a pole of 
fi and Res t=c fi = Res t= _ c /j. Since Res t=c fi is a half integer, — Res f=00 /j — Res 4= o/j are 
integers for any j = 0, 1, 2, 3, 4, 5. 



4 The Laurent Series of The Auxiliary Function H 

In this section, we define the auxiliary function H and study the properties of H . This 
section consists of five subsections. In Subsection 4.1, following Noumi and Yamada [TTj . 
we introduce the Hamiltonians hi (0 < i < 5) for A 5 (ctj)o<j<5 and define the auxiliary 
function H. In Subsection 4.2, we calculate the Laurent series of H at t — oo, whose 
constant terms are expressed by a 3 - (0 < j < 5). In Subsection 4.3, we compute the 
Laurent series of H at t — 0, whose constant terms are expressed by <x,- (0 < j < 5). In 
Subsection 4.4, we calculate the Laurent series of H at t = c G C*, whose residues are 
expressed by rc (r 6 Q). In Subsection 4.5, we explain the relationship between a rational 
solution and the auxiliary function H. 

4.1 The Definition of The Auxiliary Function H 

In this subsection, following Noumi and Yamada [TTJ, we introduce the Hamiltonians 
hi (i — 0,1, 2, 3, 4, 5) of A 5 (aj) <j< 5 and define the auxiliary function H. 

Noumi and Yamada [TTJ defined the Hamiltonians hi {i = 0, 1, 2, 3, 4, 5) of A 5 (aj) <j< 5 

by 

5 

+ g + 2aj +2 + ctj+4 - at i+5 ) fif i+ \ + - (a i+1 + 2a i+2 + 3a i+3 + a i+4 + 2a i+5 ) f i+ if i+2 

- g (2«i+i + ot i+2 - a i+4: + a i+5 ) fi +2 fi+^ + - - a i+2 + a i+4: + 2a i+5 ) fi+3fi+4 

- g (2« i+ i + a i+2 + 3a i+3 + 2a i+i + a i+5 ) fi+Afi+b + ^ - ot i+2 - 2a i+4 - a i+5 ) fi+sfi 

1 1 

+ - (a i+1 - a i+2 + a i+4 - a i+5 ) fif i+ 3 + - + 2a i+2 + «j+4 + 2a i+5 ) fi+ifi+4 

- - (2a i+1 + a i+2 + 2a i+4 + a i+5 ) fi +2 f i+5 + + «i+3 + «i+s) 2 - 

Then, we define hi and the axillary function H by 

hi = hi - ^(a i+1 + a i+3 + a i+5 ) 2 , 
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H = - (h + h + ~h 2 + h + h A + h^j 



and 

H = 

6 

respectively. 
If A, 

(<%i)o<i<5 nas a rational solution (/i)o<i<5> it follows from Proposition [L21] and 
12. II that H can be expanded as 



H 



hoo^ + hoo^t 2 + hoofl H at t = oo, 

h -2t~ 2 + h ,o H at t = 0. 



4.2 The Laurent Series of i7 at t = oo 

In this subsection, we calculate the constant term h^o of H at t = oo by using the 
Laurent series of fi (i = 0, 1, 2, 3, 4, 5) at t = oo in Proposition 11.211 

Proposition 4.1. Type A (1): fi,fi + \ have a pole at t = oo for some i = 0,1,2,3,4,5. 
Then, 

hoo,o = -~{2a i+2 + ttj+3 + ai+4 + 2a i+5 ) + a i+2 a i+3 + a i+A a i+b + a i+2 a i+5 . 
o 

Type A (2): fi, fi +3 have a pole at t = oo for some i — 0, 1, 2, 3, 4, 5. 27ien ; 

"■oo,o = ot i+1 a i+2 + a i+A a i+5 + -{-a i+ i - a i+2 - a i+i - a i+b ). 

o 

Type A (3): fi, f i+1 , f i+2 , fi+ A have a pole at t = oo for some i — 0, 1, 2, 3, 4, 5. T/ien, 
^oo,o = g(-l+tti+i-3a i+3 -aj +4 -3a i+5 ) +^+3(^+0^ 



Type 5: fi, f i+ i, f i+2 , f i+3 have a pole at t = 00 for some i — 0, 1, 2, 3, 4, 5. T/ien, 

1 , ( / - r' , i (1 /• , )" - (- ' , r) - ' 

where 



hoo,o = t^WU ~ Tlx) + -M-i - + t((/3-i) 2 + (7-i) 2 ) " 



P-! = —Oii + a i+2 - a i+4 , = -a i+1 + a i+3 + a i+5 , e % _ x = 2a i+A , <f) t _ l = -2a 

Type C: all the rational functions of (/i)o<i<5 have a pole at t = 00. Then, 

hoo,o = g^ 3 - 2 + 2y 2 + 2z 2 + 2u 2 + xy — 23/2: + 2:0; — 2yu; + xuj — 2xz). 

where 

x = a 2 — ?/ = 0^3 — 05, z = ao — 0^4, a; = cti — a$. 
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i+5- 



4.3 The Laurent Series of H at t = 

In this subsection, we compute the constant term ho,o of H at t = by using the Laurent 
series of fj (0 < j < 5) at t = in Proposition 12.11 

Proposition 4.2. (1) If all the rational functions of (fi)o<i<5 are regular at t = 0, 

h ,o = 0, 

because fi (i = 0, 1, 2, 3, 4, 5) are odd functions. 

(2) If fi, f i+ 2 have a pole at t = for some i — 0, 1, 2, 3, 4, 5, 



In this subsection, we compute the residues of H at t = c G C* by using the Laurent 
series of fj (0 < j < 5) at t = c G C* in Proposition 13.11 



Proposition 4.3. Suppose that fi, fi + 2 have a pole at t = c G C* for some i = 
0,1,2,3,4,5. Then, 



Suppose that fi, fi+2, fi+ 3 , fi+$ have a pole att = c£C* for some i = 0,1, 2, 3, 4, 5. Then, 




(3) If fi, fi +2 , fi+3, fi+5 have a pole at t = for some i = 0, 1, 2, 3, 4, 5 

1 1 



4.4 The Laurent Series of H at £ = c G C 




|c m £/ie case o/ (/•, fi+ 2 )(I), 
±c in the case of (fi, / i+2 )(J7). 




|c zn the case of (fi, f i+2 , f i+3 , fi+5)(I), 
^c in the case of (fi, f i+2 , f i+3 , fi+ 5 )(H), 
^c in the case of (/<, f i+2 , f i+3 , fi+ 5 )(III). 



Therefore, it follows from Proposition 14.31 that 



n 



H — /ioo,4^ 4 + h^^t 2 + ^oo,0 + ^-0,-2^ 2 + ^] 



fe=l 



t — Cfe t + c k ' 



where e fc = §, ^, ^, c fc G C* (1 < fc < n). 
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4.5 Rational Solutions And The Auxiliary Function H 

In this subsection, we explain the relationship between rational solutions and the auxiliary 
function H. 

Proposition 4.4. Suppose that ^45(a«)o<i<5 has a rational solution such that some ratio- 
nal functions of (fi)o<i<5 have poles in C*. Then, 6(/i ,o — ^00,0) a negative integer. 
Especially, if ho,o — ^00,0 = 0, all the rational functions of (fi)o<i<5 are regular in C* . 

Proof. We assume that v4 5 (o!j)o<i<5 has a rational solution. Then, we get 



H — /ioo,4^ 4 + hoo^t 2 + hoofl + ho-2t 2 + ^ ^ 



,. . / 'v.- t + c k 

where e k = ~, ^, ^, c k 6 C* (1 < < n). 

By comparing the constant terms of the Laurent series of H at t = 0, we obtain 



^00,0 — 2 efc — ho p. 



k=l 

Therefore, we have 



-h^o + h 0>0 = -2 ^ e k = ~\ m - 



6 

k=l 



for a positive integer m. □ 



5 Necessary Conditions for Type A 

In this section, we prove Proposition I5.1[ where we show necessary conditions for 
^5( a i)o<j<5 to have a rational solution of Type A and transform the rational solution 
into a regular solution, all the rational functions of which are regular at t = 0. 

Proposition 5.1. Suppose that A^cti)^^ has a rational solution (fi)o<i<5 of Type A. 
Then, by some Backlund transformations, {fi)o<i<5 can be transformed into a rational 
solution such that all the rational functions are regular at t = 0. Furthermore, the 
parameters cti (i = 0, 1, 2, 3, 4, 5) satisfy one of the following five conditions: 

(1) for some i = 0,1,2,3,4,5, 

Cti+2) Cti+Z) Cti+Ai «i+5 £ 
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(2) for some i = 0,1,2,3,4,5, 



ttj+l; «i+5 Z; 

/or some z = 0,1,2,3,4,5, 

a i+3 , a i+5 , ttj + a i+4 , - a i+2 G Z; 

^ if fh fi+h fi+2, fi+4 have a pole at t = oo and only (/ i+3 , / i+5 ) /iave a po/e at t = 
for some i — 0, 1, 2, 3, 4, 5, 

a i+3 + a i+4 , a i+4 + a i+5 , a; + a i+ i, «i - a i+4 G Z; 

if fh /i+3 ^a«e a pole at t = oo and on/?/ (/ i+2 , /i+4, /i+s, fi+i) have a pole at t = 
/or some i — 0, 1, 2, 3, 4, 5, 

Oi + Qfj + a i+5 , a i+2 + a i+3 , a i+3 + a i+4 , a, + a i+3 G Z. 

Proof. We prove the case (4). The other cases can be proved in the same way. 

By considering 7T, we assume that / , /i, /2, fi have a pole at t = oo and only (/ 3 , / 5 ) 
have a pole at t — 0. From Corollary 13.2} it follows that 

Res t=00 /j G Z (i = 0, 1, 2, 4), -Res t=00 /i - Res t=0 fi G Z (z = 3, 5), 

which implies that 

«0 + «1, «3 — «5, «1 + «2, Ot + « 2 — «4 + «5 G Z 

from Proposition 11.211 and 12.11 

We suppose that «4 7^ 0. From Corollary 12.21 it follows that S4 transforms (/,)o<i<5 
into a regular solution. Therefore s±(fi) (i = 0, 1,2,4) have a pole at t = 00 and all the 
rational functions of (s4(/j))o<j<4 are regular at t — 0. We express this fact by 

t = 00 (/o, /1, /2, /Ooo — ^ (fo, fli hi h)oo 
t = (f3,fa)o -^regular. 

We set atj := s^af) (J = 0,1,2,3,4,5). Since all the rational functions of (s4(/i))o<i<5 
are regular at t — 0, it follows from Proposition 11.211 and Corollary 13.21 that 

do + «4, do — d 2 , 0:3, « 5 G Z. 
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Therefore, we have 

0:3 + «4, a?4 + 0:5, ao + Oil, ao — ot^ G Z, 04 7^ 0. 

We suppose that 04 = 0. Since ^3 has a pole at t — and ^3 ^ 0, it follows from 
Proposition 11.231 that a 3 7^ 0, which implies that 

t = OO (f , fi, f 2 , / 4 )oo (/o, /l)oo 

/ (/ 3 ,/b)o (/ 3> / 5 )o 

We set 61 j = s 3 (aj). It follows from Corollary 13.21 that 

d 2 , &i, d — &3, d + d 5 G Z. 
Therefore, we obtain ay G Z (j = 0, 1, 2, 3, 4, 5). By s 4 , we have 

t = OO (/o, /l)oo (/s, /o, /l, /3)oo 

t = (/ 3 , / 5 ) regular. 

□ 

6 Necessary Conditions for Type B 

In this section, we prove Proposition 16.11 where we show necessary conditions for 
^45(/j)o<«<5 to have rational solutions of Type B and transform the rational solutions 
into regular solutions. 

Proposition 6.1. Suppose that As(aj)o<j<5 has a rational solution {fj)o<j<5 °f Type 
B. Then, by some Backlund transformations, (fj)o<j<5 can be transformed into regular 
solutions. 

(1) if fi, fi+i, fi+2, fi+3 have a pole at t = 00 and all the rational functions of 
(fj)o<j<5 are regular at t = for some i — 0,1, 2, 3, 4, 5, 

— oti + a i+2 - a i+4l , —a i+ i + a i+3 + a i+5 , 2a i+4 , -2a i+5 G Z; 

(2) if fi, fi+i, fi+2, fi+3 have a pole at t = 00 and (fi, f i+2 ) have a pole at t — and a i+ i 
is not zero for some i — 0,1, 2, 3, 4, 5, 

-cti + a i+2 - a i+i , a i+ i + a i+3 + a i+5 , 2a i+4 , -2a i+5 , G Z; 
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(3) if fi, fi+i, fi + 2, fi+3 have a pole at t = oo and (fi+i, fi+3) have a pole at t = and 
a i+2 is not zero for some i — 0, 1, 2, 3, 4, 5, 

—oii - a i+2 - a i+4 , —a i+ i + a i+3 + a i+5 , 2a i+4 , -2a i+5 , G Z; 

(4) if fi, fi+ii fi+2, fi+3 have a pole at t = 00 and (fi+2, fi+i) have a pole at t = and 
a i+ 3 is not zero for some i — 0, 1, 2, 3, 4, 5, 

— a, L + ai+2 ~ &i+4, — OLi+i — ttj + 3 + cti+5, 2aj + 3 + 2aj +4 , — 2aj +5 ; 

fi, fi+i, fi+2, fi+3 have a pole at t = 00 and (/ i+3 , / i+5 ) nave a po/e at t = and 
ai+4 is not zero for some i — 0, 1, 2, 3, 4, 5, 

cti+i - cti+3 - &i+5, -Oii + cti+2 - «i+4, 2aj+3 + 2a i+4 , -2a i+4 G Z; 

*/ /«> fi+2, fi+3 have a pole at t = 00 and (/j+4, fi) have a pole att = and a i+5 
is not zero for some i — 0,1, 2, 3, 4, 5, 

— a i+ i + a i+ 3 + a i+5 , oli — a i+2 + a i+4 + 2a i+5 , —2a i+5 , —2ai — 2a i+5 G Z; 

f7j /i+i, fi+2, fi+3 have a pole at t = 00 and (/i+5, fi+i) have a pole at t = and ctj 

zs noi zero /or some i = 0, 1, 2, 3, 4, 5, 

oti + di+2 - a i+4 , —a i+1 + a i+3 + a i+5 , 2a i+A , -2a^ - 2a i+5 G Z; 

f ^ «/ fi, fi+i, fi+2, fi+3 have a pole att = 00 and / i+2 , / i+3 , / i+5 ) have a pole att = 
and a i+ i, a i+4 are not zero for some i — 0,1, 2, 3, 4, 5, 

—®i+i ~ «i+3 ~~ 2«j +4 — 0^+5, — ctj + — 2aj+3 + 2aj +4 , —2ai+ 4 G Z; 

f ^ «/ /», fi+i, fi+2, fi+3 have a pole att = 00 and (f i+1 , f i+3 , f i+4 , fi) have a pole att = 
and ai+2, «i+5 are not zero for some i — 0,1, 2, 3, 4, 5, 

— aj - ai+2 - a i+4: - 2aj+ 5 , -a^+i + a«+3 - a i+5 , -2a i+5 , -2«j - 2aj+ 5 , G Z; 

(i0j i/ /i, / i+2 , /i+3 ftave a pole at t = 00 and (f i+2 , f i+4 , f i+5 , f i+1 ) have a pole at 
t = and aj+3, ctj are noi zero /or some i = 0, 1, 2, 3, 4, 5, 

aij + aj+2 - ai+ 4 , —(*i+i - «i+3 + a«+5, 2a;+ 3 + 2aj+ 4 , — 2a, - 2aj+ 5 G Z; 

fii,) z/ A 5 (a;j)o<j<5 aas a rational solution and the cases (1), (2), . . . , (10) do not occur, 

2ao, 2a.\, 2a 2 , 2a 3 , 2a 4 , 2a 5 G Z. 
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Proof. We prove the cases (1), (2). The other cases can be proved in the same way. 

(1) By 7r, we assume that f , fi, f 2 , have a pole at t = oo and (/j)o<j<5 is regular at 
t — 0. From Proposition 11.211 and Corollary 13.21 it follows that 

— «o + a 2 — —ati + «3 + «5, 2«4, — 2a 5 G Z. (6-1) 

(2) By 7r, we assume that / , /i, /2, /3 have a pole at t = oo and (/ , f 2 ) have a pole at 
t = 0. 

When a\ ^ 0, we obtain 



t = OO (/o, /i, /2, ^3)00 — ► (/o> /i> /2, ^3)00 

* = (/o,/2)o regular 

(«i)o<j<5 ("o + "l, -"I, "2 + "i, a 3 , a 4 , a 5 ). 

We set ctj := Si(aj) (j = 0, 1, 2, 3, 4, 5). The equation (16. ip implies that 

di — «3 — «5, do — «2 + &4, 2ck4, 2ds G Z. 

Therefore, we obtain 

— C^o + Ci 2 ~ Oil + 0:3 + «5, 2a4, 2(^5 G Z. 

We suppose that «i = 0. We show that (aj) <j<5 is in |Z 6 and (/i)o<i<5 can be 
transformed into a regular solution. From Proposition ll.21[ 12.11 and Corollary I3.2[ it 
follows that 

2a 4 , 2a 5 , a — a 2 + a 4 G Z. (6.2) 
If ai = and a ^ 0, we have 

t = OO (/o, /i, /2, ^3)00 - ^ (/0) /l) /2, ^3)00 

« = (/o,/ 2 )o (/o,/ 2 )o 

(«j)o<j<5 ^> (-ao,«o,«2,a3,a4,«5 + «o), 

and 

t = OO (f , fi, f 2 , ^3)00 — ^ (/(b /l) /2j /3)oo 

* = (/o, ^2)0 regular 

(— Qfo, "o, "2, 03, "4, as + «o) (0,-a ,a 2 + a ,a 3 ,a4,a 5 + a Q ). 

We set dj = SiS (aj) (j = 0, 1,2,3,4,5). {oij)o<j<s also satisfy (16. ip . Therefore, we get 

— 2cto — «3 — 0:5, — cto — 0:2 + 0:4, 2a 4 , 2a$ + 2ct G Z. (6-3) 
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The equations fl£2J and imply that 2a j G Z (j = 0, 1, 2, 3, 4, 5). 

If ai = and «2 7^ 0, we can prove that (otj)o<j<5 is in |Z 6 and (fi)o<i<5 can be 
transformed into a regular solution in the same way. 

We suppose that a = a\ = ct 2 = 0. The equation (I6.2p implies that a 4 , 2a 3 , 2a 5 G Z, 
which is the case (11). From Proposition 12. 1} it follows that Res t=0 /o — ~ a 3 ~ a 5- Since 
fo has a pole at t = with the first order, it follows that a 3 7^ or a 5 7^ 0. When «3 7^ 
and «5 7^ 0, S5S3 transforms the rational solution (fi)o<i<5 into another rational solution 
all the rational functions of which are regular at t = 0. If a 3 7^ and «5 = 0, (fi)o<i<5 
can be transformed into a regular solution by s 5 s 4 s 3 . If a 5 7^ and a 3 = 0, (/j)o<i<5 can 
be transformed into a regular solution by S3S4S5. □ 

7 Necessary Conditions for Type C 

In this section, we prove Proposition 17.11 where we show necessary conditions for 
^5( a i)o<j<5 t° have rational solutions of Type C and transform the rational solutions 
into regular solutions. 

Proposition 7.1. Suppose that A 5 (aj)o<j<5 has a rational solution (fj)o<j<5 of Type C. 
Then, {fj)o<j<5 can be transformed into a rational solution all the rational functions of 
which are regular at t = 0. 

(1) if all the rational functions of (fi)o<i<5 have a pole at t = 00 and are regu- 
lar at t = 0, 

n m + n 2m n 

c*2 — «4 = — , 0:3 — 0:5 = — - — , ctQ — 0:4 = —— , a>i — 0:5 = — mod Z (m, n — 0, ±1); 



(2) if all the rational functions of (fi)o<i<5 have a pole at t = 00 and fk, fk+2 have a 
pole at t = for some k = 0, 1, 2, 3, 4, 5, 

n m + n 

a k+ i + a k+2 - a k+i = -, a k+3 - a k+5 = — - — modZ, 

2/77, fi 

a k + a k+1 - a k+4 = — , -a k+i - a k+5 = - modZ, a k+1 7^ 0, 
or for some j = 0, 1, 2, 3, 4, 5, 

pa 

(aj,a j+1 , a j+2 , a j+3 , a j+i , a j+5 ) = -(1, 0, 1, 0, 1, 0) + -(l, °> ~h ~h °, x ) modZ (p, g = 0, ±1) 
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(3) if all the rational functions of (/i)o<i<s have a pole at t = oo and fk+2, fk+3, fk+5 
have a pole at t = for some k = 0, 1, 2, 3, 4, 5, 

n m + n 

ttfe+i + ttfc+2 + = -, afc+3 - «fc+5 = — g — modZ, 

o fc + a k+1 + o fc+4 = — , -o fc+ i-o fc+4 - «fe+5 = ^ mod Z, o fc+ i, o fc+4 7^ 0, 
or for some j = 0, 1, 2, 3, 4, 5, 

(ay, a j+1 , a j+2 , a j+3 , o i+4 , o i+5 ) = -(0, 1, 1, 1, 0, 0) + -(1, 1, 0, 0, 0, 1) modZ. 
Proof. We prove the case Type (1), (2). The other case can be proved in the same way. 

(1) From Proposition 11.211 and Corollary 13.21 it follows that 



2a?i + 02 — 0(4 


-2o 5 


= m 


(7.1) 


2o 2 + o 3 — o 5 


- 2o 


= mi 


(7.2) 


2o 3 + 04 — o 


- 2oi 


= m 2 


(7.3) 


2a-4 + 0-5 — 0:1 


-2o 2 


= m 3 


(7.4) 


2o 5 + o — o 2 


-2o 3 


= WI4 


(7.5) 


2oq + Oi — o 3 


— 2o 4 


= m s , 


(7.6) 



where m , mi, m 2 , m 3 , m 4 , m 5 are integers. The equations (17. ip and ( 17. 4p imply that 

3oi — 3o 5 G Z, 3o 2 — 3o 4 G Z. 
The equations ( 17. ip . (17. 2p and (17. 3p imply that 

3o 3 — 305 G Z. 
The equations (j72jl . (17311 and flUD imply that 

3oo — 3o4 G Z. 

Then, we define 

n n x n 2 n 3 

o 2 - o 4 = — , o 3 - o 5 = — , o - o 4 = — , Oi - o 5 = — , 

where n ,ni,n 2 ,n 3 are integers. By substituting the above equations into ( 17. ip . (17. 2p . 
(Q, dZ21), ([73D and (ESD, we get 

no + 2ri 3 = mod 3 

2n + n\ — 2n 2 = mod 3 

2n\ — n 2 — 2n 3 = mod 3 

n + 2ni — n 2 = mod 3. 
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By solving this system of equations in Z/3Z, we obtain 

(n ,rii,n 2 ,n 3 ) = n(l, 1,0, 1) + m(0, 1, —1,0) mod3, 
where m, n — 0, ±1. Then, we prove the case (1). 

(2) By 7r, we assume that (/ , f 2 ) have a pole at £ = 0. From Proposition ll.21[ 
12. II and Corollary 13.2^ it follows that 

ci\ + 2a 3 — a 5 , — 3«3 + 3a5, — «2 + «3 + CK4, ao — 04 — 05 G Z. (7.7) 

We suppose that a,\ 7^ 0. Then, we get 

t = OO {fi)o<i<5 (fi)o<i<5 

t = (/o, ^2)0 regular 

(«j)o<j<5 («0 + «1, -Oil, OL2 + ai, a 3 , a 4 , a 5 ). 

Since all the rational functions of (si(/j))o<i<5 are regular at t = 0, the parameters 
Si(«j) (i = 0, 1, 2, 3, 4, 5) satisfy the condition of the case (1). Therefore we obtain 

n m + n —m n 

cti - a 2 - 04 = — , a 3 - a 5 = — - — a + cti - a 4 = — — , -«i - ct 5 = — modZ, 

We suppose that a 1 = 0. The equation (17. 7p implies that 

— 0:3 + 2ct5, — 3«3 + 3«5, — 0:2 + «3 + 0:4, «o - «4 - a 5 G Z. (7.8) 
If a>\ = and ao 7^ 1, we get 

t = OO (fi)o<i<5 (fi)o<i<5 

t = (/o,/ 2 )o ^> Cfo,/ 2 )o 

(«i)o<i<5 (— «0, «0, «2, «3, «4, « 5 + «o). 

We set := so(ctj) (j = 0, 1, 2, 3, 4, 5). The equation (\7.7\i implies that 

&\ + 2«3 — 65, — 3«3 + 3«5, — «2 + «3 + «4, &0 — «4 — G Z. (7-9) 

Therefore, the equations (17. 8p and (17.91) imply that 

2«3 — «5, — 3«3 + 3«5, 3«o, — «2 + «3 + «4, «o — «4 — «5 G Z. (7-10) 
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By si, we get 

t = OO (fi)o<i<5 (fi)a<i<5 

t = (/o, /2)o regular 

(-a ,a ,a 2 ,a3,a4,a5 + «o) (0, -a , a 2 + a , a 3 , a 4 , a 5 + a ). 

We set dij := Sis («j) (j = 0, 1, 2, 3, 4, 5). Since all the rational functions of (siSo(/i))o<»<5 
have a pole at i = oo and are regular at t = 0, it follows that 

3«2 — 3«4, 3«3 — 3«5, 3«o — 3«4, 3«i — 3«5 G Z. (7-H) 

The equations (8), (I7.10P and ( 17. lip imply that 

3«o, «i(= 0), 3«2, 3«3, 3«4, 3«5 G Z, 

«0 — a 2 + «5, — «2 + «3 + «4, «o — «4 — «5, 2«3 + 2« 5 G Z. 

We set «fc = n fc G Z, (A; = 0, 2, 3, 4, 5). Therefore, we have 

— n 2 + n 5 = mod 3 

— n 2 + n 3 + n 4 = mod 3 

n — n 4 — n 5 = mod 3 

n 3 + n 5 = mod 3. 

By solving this system of equations in Z/3Z, we get 

(a , « 2 , a 3 , « 4 , a 5 ) = |(1, 1, 0, 1, 0) + |(1, -1, -1, 0, 1) modZ (p, g = 0, ±1). (7.12) 

If a.\ = and a 2 7^ 0, we can prove that the parameters (aj)o<j<5 satisfy the condition 
(17.121) in the same way. 

We suppose that a = a\ = a 2 = 0. The equation (17. 7p implies that a 3 , a 4 , a 5 G Z. 
Then, the parameters (0, 0, 0, a 3 , a 4 , a 5 ) satisfy the condition (17.121) . From Proposition 
12. 1[ it follows that Res t=0 /o — — a 3 ~ a 5- Since f Q has a pole at t = with the first order, 
it follows that a 3 7^ or a 5 7^ 0. If a 3 7^ and a 5 7^ 0, the rational solution (/j)o<i<5 
can be transformed into a regular solution by s 5 s 3 . If a 3 7^ and a 5 = 0, (/j)o<i<5 can 
be transformed into a regular solution by S5S4S3. If a 3 = and 0:5 7^ 0, (fi)o<i<5 can be 
transformed into a regular solution by S3S4S5. □ 
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8 Summary of Necessary Conditions 



In this section, we summarize necessary conditions for Type A, Type B and Type C. This 
section consists of four subsections. In Subsection 8.1, following Noumi and Yamada [TO"] , 
we introduce shift operators of the parameters, atj (0 < j < 5). In Subsection 8.2, 8.3 and 
8.4, we treat necessary conditions for Type A, Type B and Type C and transform the 
parameters (ctj)o<j<5 into the standard forms. 

8.1 Shift Operators 

In this subsection, following Noumi and Yamada [10] , we introduce shift operators of the 
parameters, aj (0 < j < 5). 

Noumi and Yamada [10] defined the shift operators of the parameters (aj)o<«<5 in the 
following way: 

Proposition 8.1. For any i — 0, 1, 2, 3, 4, 5, Tj denote the shift operators which are defined 
by 

T\ = ^s 5 s A s 3 s 2 s 1 , T 2 = Si7rs 5 s 4 S3S2, T 3 = S2S17rs5.S4.S3, 

T4 = S3S2Si7rS 5 S4, T 5 = S 4 S3S2Si7rS 5 , T 6 = S5S4S3S2S171-. 

Then, 

Tj(«i_i) = + 1, Ti(aci) = ai - 1, T^atj) = a,j (j ^ i - 1, i). 

8.2 Summary of Necessary Conditions for Type A 

In this subsection, we suppose that for A 5 (aj) <j< 5 , there exists a rational solution 
(fj)o<j<5 of Type A. From Proposition 15. 1[ it follows that (/j)o<j<5 an d ( a j)o<j<5 can 
be so transformed that (fj)o<j<5 is a regular solution and (ctj)o<j<5 satisfy one of the 
following conditions: 

(1) for some i = 0, 1, 2, 3, 4, 5, 

ati+2, «i+3, aj+4, cti+5 e 

(2) for some i = 0,1,2,3,4,5, 

a i+1 , a i+2 , «j+4, a i+5 E Z; 

(3) for some i = 0,1, 2, 3, 4, 5, 

ttj+3, a i+5 , ai + a i+4 , - a i+2 G Z. 
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In the following proposition, by some Backlund transformations, we transform the 
three kinds of parameters into the two standard forms, 

(a , 1 - a , 0, 0, 0, 0), (a , 0, 0, 1 - a , 0, 0). 

Proposition 8.2. Suppose that for A 5 (aj)o<i<5, there exists a rational solution of Type 
A. Then, by some Backlund transformations, (ojj)o<j<5 can be transformed into one of the 
following parameters: 

(i) (a 0) 1 - a , 0, 0, 0, 0); (ii) (a , 0, 0, 1 - a , 0, 0). 

Proof. (1) By tt, we assume that a 2 , a 3 , a 4 , a 5 G Z. Firstly, by T 6 , we have a 5 = 0. 
Secondly, by T 4 , we get a 4 = 0. Thirdly, by T 3 , we obtain a 3 = 0. Lastly, by T 2 , we have 
a 2 = 0. Since Yl\=o a k — 1, it follows that 

(«j)o<i<5 — ► (ao, 1 - a , 0, 0, 0, 0). 

(2) By tt, we assume that a\, a 2 , 04, 0:5 G Z. Firstly, by T 6 , we have a 5 = 0. Secondly, 
by T 4 , we get ct 4 = 0. Thirdly, by T 3 , we obtain a 2 = 0. Lastly, by T 1; we have ai = 0. 
Since Ylk=o a k = 1, it follows that 

(ai)o<i<5 — > (a 0) 0, 0, 1 - ao, 0, 0). 

(3) By ii, we suppose that a + a 4 , a — a 2 , a 3 , a 5 G Z. This condition is equivalent to 
the following condition: 

«o + a 4 , «2 + a 4 , a 3 , 0J5 G Z. 

Firstly, by T 4 ,T 5 , we have a 3 = 0,as = 0, respectively. Secondly, by Ti,T 2 , we get 
a + « 4 = 0, a 2 + a 4 = 0, respectively Since ^)L at = 1, it follows that 

(«i)o<i<5 — ^ (a , 1 - a , a , 0, -a , 0). 

If «o 7^ 0, by 7r 2 s 4 S5S 3 s 4 , we get (ao, 1 — «o, ao, 0, — ao, 0) — > (ao, 0, 0, 1 — ao, 0, 0). If ao = 0, 
we have (ao, 1 — ao, ao, 0, — ao, 0) = (0, 1, 0, 0, 0, 0). □ 

8.3 Summary of Necessary Conditions for Type B 

In this subsection, we suppose that for ^45(aj)o<j<5, there exists a rational solution 
(fj)o<j<5 of Type B. From Proposition 16.11 it follows that by some Backlund transforma- 
tions, (fj)o<j<5 and (aj)o<j<5 can be so transformed that (fj)o<j<5 is a regular solution 
and (aj)o<j<5 satisfy the following condition: 
for some i = 0,1, 2, 3, 4, 5, 



—ai + a i+2 - a i+4 , -a m + a i+3 + a i+5 , 2a i+4 , -2a i+5 G Z. 
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By 7r, we assume 

2a4, 20:5, — ao + «2 — «4, — c*i + «3 + 05 G Z. 
Firstly, by T 4 and T 6 , we have 

1 1 

a 4 = 0, - and a 5 = 0, --, 

respectively. Secondly, by T{T 2 and T 2 T 3 , we get 

f3°_ 1 = —ao + «2 — «4 = 0, 1 and 7° 1 = — oti + 0:3 + 0:5 = 0, 1, 
respectively. Then we obtain 

e 1 = 2a 4 = 0, 1, 0° ! = -2o; 5 = 0, 1, = 0, 1, 7^=0,1. 

Therefore we have only to consider the 2 4 = 16 cases. 

Proposition 8.3. Suppose that for A 5 (aj)o<j<$, there exists a rational solution of Type 
B. By some Backlund transformations, the parameters («j)o<j<5 can be transformed into 
the following three types: 

1 1 11 

(1) (ao, -a + -, ao, -«o + -, 0, 0), (2) (-, 0, -, a , 0, -a ), (3) (a , 0, -a + 1, 0, 0, 0). 

The parameters in the sixteen cases can be transformed into the parameters of the type 

(1) if and only if oti (i — 0,1, 2, 3, 4, 5) satisfy the following condition: 

/3° 1 + 7° 1 = mod 2. 

The parameters in the sixteen cases can be transformed into the parameters of the type 

(2) if and only if oti (i = 0, 1, 2, 3, 4, 5) satisfy one of the following conditions: 

7-1, e_i, 0° 1) = (0, 1,1,0), (0, 1, 0, 1), (0, 1,1,1), (1, 0, 1, 0), (1, 0, 0, 1), (1, 0, 1, 1). 

The parameters in the sixteen cases can be transformed into the parameters of the type 

( 3) if and only if a-i (i = 0, 1, 2, 3, 4, 5) satisfy one of the following conditions: 

7-1, e_i, 0° 1) = (0, 1, 0, 0), (1, 0, 0, 0). 

Proof. We prove that the proposition is true in the following three cases: 

(1) PL* = 7°i = e\ = <t>\ = 1; 

(2) 1 = 0, 7 x = 1,^ = 0, 0^ = 1; 
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(3) j go 1 = o j7 ?.i = i,e2. 1 = ^ 1 = o. 

The other cases can be proved in the same way. 

(1) Since 0°_ x = 7^ = e°_ x = $_ x = 1, it follows that 

3 3 11 

a 2 = a + -,a 3 = ax + -,a 4 = -,a 5 = --. 

Since Y^j=o a j = 1> ^ follows that ol\ = — o — 1. By s 2 ^ 1 T^ 1 siS^T^ 1 ^ we get 

/ 3 111. 1 1 

(a , -oo - 1, a + -, -a + -, - , --) — > («o, -«o + ^ > a o, -«o + ^ °> °)- 

(2) Since (3°_ x = 0, 7° x = 1, e°_ 1 = 0, <fp_ x = 1, it follows that 

3 n 1 

"2 = «0, "3 = «1 + 2' a 4 = U, a 5 = —-. 

Since X^o ^' = 1, we have oti = — a . By 7r 3 s 2 T 5 ~ 1 T 4 ~ 1 , we get 

/ 3 In A 1 \ 

(a , -ao, «o, -«o + r> °> -«) — > («' °' 2' ' _a °^' 

(3) Since = 0, 7° 1 = 1, e° x = 0° x = 0, it follows that 

«2 = «Cb a 3 = a l + 1, «4 = «5 = 0. 

Since J^ =0 Oj = 1, we have ot\ = — ao- By 7T -1 Si, we get 

(a , -ao, "o, -ao + 1, 0, 0) — > (at , 0, -a + 1, 0, 0, 0). 



□ 



8.4 Summary of Necessary Conditions for Type C 

In this subsection, we suppose that for A 5 (aj)o<j<s, there exists a rational solution 
(fj)o<j<5 °f Type C. From Proposition 17.11 it follows that by some Backhand transforma- 
tions, (/j)o<j<5 and (ct/)o<j<5 can be so transformed that (fj)o<j<5 is a regular solution 
and {oLj)o<j<5 satisfy the following condition: 

n m + n 2m n 

x = 0:2—0:4 = —,?/ = 03—05 = , z = «o— a 4 = — 5 w — a i~ a 5 = — mod £ (m, n = (J, ±1, 

3 3 3 3 

We consider the constant term hoofi of the Laurent series of H at t = 00 and get the 
following lemma: 
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Lemma 8.4. Suppose that A 5 (ai)o<i<5 has a regular solution (fi)o<i<5 of Type C. Then 
m = n. 



Proof. We set 



n + 3k m + n + 3k\ 2m + 3k 2 n + 3k 3 
x = — = — ,y = = ,z= ,u = — - — . 



where kj G Z(j = 0,1,2,3). From Proposition 14. 1[ it follows that 

^oo,o = tzz (6^ 2 + 6m 2 — 3mn + 9/), I G Z. 
The proof of Proposition 14.41 shows that 

3 1 
-2 22 e k = -^oo,o + ^o,o = ~^=(6n 2 + 6m 2 - 3mn + 91), 

k=l 

where e fc = |, ^, ^ (1 < k < s). Then, we obtain 

2n 2 + 2m 2 — mn = mod 3. 

Therefore, we have m = nmod3. □ 
In order to study regular solutions of Type C, we set 

X '■= x + y + z + uj = a + «i + a 2 + a 3 — 2a 4 — 2a 5 . 

By T 4 , we have \ = 0, ±1. By T 1; T 2 , T 3 , we get 

2n n n 

z= — , UJ — — , x = — , m = U,±l) 
3 3 3 V ; 

respectively. Since Ti,T 2 ,T 3 preserve the value of x, we can decide the value of y. Thus, 
we have only to consider 3x3 = 9 cases. 

Proposition 8.5. Suppose that for y4 5 (aj)o<j<5, there exists a rational solution (/j)o<i<5 
of Type C. Then, by some Backlund transformations, {(Xi)o<i<5 can be transformed into 
one of the following parameters: 

(1) (014, — «4 + 3, Q!4, — «4 + g, «4, — Q!4 + g), (2) (— «4 + |, |, g, a 4 , 0, 0), 

(3j (a 4 , 0,0, 1-04,0,0), " " (o4,|, |,-04 + i 0,0). 
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The parameters of the nine cases can be transformed into (1) if and only if 

( X ,n) = (0,0), (0,-1), (-1,0), (-1,1). 
The parameters of the nine cases can be transformed into (2) if and only if 

( X ,n) = (0,1), (-1,-1). 
The parameters of the nine cases can be transformed into (3) if and only if 

(X,n) = (l,0). 

The parameters of the nine cases can be transformed into (4) if and only if 

( X ,n) = (1,1), (1,-1). 
Proof. We prove the proposition is true in the following four cases: 

(1) ( X , n) = (0, -1), (2) ( X , n) = (0, 1), (3) ( X , n) = (1, 0), (4) ( X , n) = (1, 1). 

The other cases can be proved in the same way. 

(1) Since (x, ra) = (0, —1), we have 

1111 

a = a 4 + -, a*! — a 5 - -, a 2 = a 4 - -, a 3 = a 5 + -. 

Since X^o ^ = 1, we get a 4 + 0:5 = |. Therefore, we obtain 

x / 1 12 1. 

(a , «i, a 2 , "3, «4, a 5 J = (a 4 + ^, -«4, «4 - ^, -«4 + ^, «4, -«4 + ^J- 

By S1S2SI) we have 

1 12 1.1 1 1. 

[a 4 + -, -a 4 , a A - -, -a 4 + -, a 4 , -a 4 + -j — > (a 4 , -a 4 + -, a 4 , -a 4 + -, a 4 , -a 4 + -). 

(2) Since (x, n) = (0, 1), we get 

1111 

a = a 4 - -, oli = a 5 + -, a 2 = a 4 + -, a 3 = a b - -. 

Since ^^ =0 cik = 1, we obtain a 4 + a 5 = |. Then, we have 

n. , 12 1 1. 

(a , a u a 2 , a 3 , a 4 , a 5 ) = [a 4 - -, -a 4 + -, a 4 + -, -a 4 , a 4 , -a 4 + -J. 
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By s S3, we get 

. 1 2 1 1. . 1 1 1 , 

("4 - -, -«4 + -, «4 + -, -«4, «4, -«4 + -) > (~«4 + - , -, -, «4, 0, 0). 

(3) Since (x, n) = (1,0), we obtain 

«0 = a 4, £*1 = a 5, a 2 — <^4, «3 = «5 + I- 

Since X^=o afc = 1' we nave «4 + «5 = 0. Therefore, we get 

(ao, CKi, tt2, «3, «4, ^5) = (0:4, —0:4, 0:4, —0:4 + 1, 0:4, —0:4). 

By 7r _1 T 4 S4Si, we obtain 

(«4, —0:4, 0:4, — «4 + 1, CK4, —0:4) — )■ (0:4, 0, 0, 1 — CK4, 0, 0). 

(4) Since (x, n) = (1, 1), we have 

1112 

a = a 4 - -, ai = a 5 + -, a 2 = a 4 + -, a 3 = a 5 + - . 

Since Ylt=o a k = 1, we «4 + «5 = 0. Therefore, we obtain 

n. , 1112. 
[a , «i, a 2 , a 3 , a 4 , a 5 ) = [a A - -, -a 4 + -, a 4 + -, -a 4 + -, a 4 , -a 4 J. 

By 7r _1 sis S4S5So, we have 

1112 111 

("4 - -, -«4 + -, «4 + -, -«4 + -, «4, -«4) > («4, -, -, -«4 + -, 0, 0). 



□ 



9 Sufficient Conditions for Type A 

In this section, we study rational solutions of Type A for (1) A 5 (a , 1 — a , 0, 0, 0, 0) and 
(2) A 5 (a , 0, 0, 1 — a , 0, 0) in order to obtain necessary and sufficient conditions for Type 
A. 

This section consists of three subsections. In Subsection 9.1, we prove lemmas in order 
to study rational solutions of Type A for (1) A 5 (ao, 1 — «o, 0, 0, 0, 0) and (2) A 5 (ao, 0, 0, 1 — 
a ,0,0). In Subsection 9.2 and 9.3, we consider rational solutions of Type A for (1) 
A 5 (a , 1 — a , 0, 0, 0, 0) and (2) A 5 (a , 0, 0, 1 — a , 0, 0), respectively. 
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9.1 Lemmas for Sufficient Condition for Type A 

In this subsection, we prove lemmas in order to study rational solutions of Type A for (1) 
A 5 (a , 1 - a , 0, 0, 0, 0) and (2) A 5 (a , 0, 0, 1 - a , 0, 0). 

Lemma 9.1. Suppose that for some i — 0, 1, 2, 3, 4, 5, 

(ai, a i+1 , a i+2 , a i+3 , a i+i , a i+5 ) = (1, 0, 0, 0, 0, 0). 
// A 5 (a>i, a i+ i, a i+2 , a i+3 , a i+4 , a i+5 ) have a rational solution (fj)o<j<5, 

(fi+1, fi+3), (fi+3, fi+5), (/i+5, fi+l), (fi+2, fi+4, fi+5, fi+l), 

can have a pole at t = 0. 

Proof. We calculate the residues of fj (j = 0, 1,2,3,4,5) at t = in Proposition 12.11 and 
get the lemma. □ 

In the following four lemmas, we study rational solutions (fi)o<i<5 of Type A which 
A 5 (0, 1, 0, 0, 0, 0, ), A h (\, §, 0, 0, 0, 0), A 5 (|, 0, 0, \, 0, 0) and A 5 (|, 0, 0,"|, 0, 0) have. 

For the purpose, from Proposition 11.211 we have to consider the case in which Type 
A (1), Type A (2) and Type A (3) occur. 

Type A (1): for some i = 0, 1, 2, 3, 4, 5, fi, fi + i have a pole at t = 00. 
Type A (2): for some i = 0,1, 2, 3, 4, 5, fi, fi +3 have a pole at t = 00. 
Type A (3): for some i = 0,1, 2, 3, 4, 5, fi, fi+i, fi+2, fi+4 have a pole at t = 00. 

Lemma 9.2. 7/^4 5 (0, 1, 0, 0, 0, 0, ) /ias a rational solution (/j)o<i<5 0/ Tfype ^4, i/ien, 

(/o,/i,/ 2 ,/3,/4,/ 5 ) = (t,t,o,o,o,o), (0,t,t, 0,0,0), 
= (0,t,0,0,t,0), (t,t,t,0,-t,0). 

Proo/. If (/ o /1) (/x, / 2 ), (/],, / 4 ), (/q, /x, / a , / 4 ) have a pole at t = 00, it follows from 
Proposition 11.211 that 

(/c/1,/2,/3,/4,/5) = (*, 4,0,0,0,0), (0,t,t, 0,0,0), 
= (0,t,0,0,t,0), (t,t,t,0,-t,0), 

respectively. 

We assume that /2, ^3 have a pole at t = 00 and show contradiction. The other cases 
can be proved in the same way. 

If f2, fi have a pole at t = 00, it follows from Proposition 11.231 that / 4 = f 5 = f = 0. 
If some rational functions of (/i)o<j<5 have a pole at t = 0, it follows from Proposition 12.11 
that (f h f i+2 ) or (f^ f i+2 , fi+3, fi+5) can have a pole at t = for some z = 0, 1, 2, 3, 4, 5. 
Since / 4 = / 5 = / = 0, only (/1, / 3 ) can have a pole at t = 0. If (fi, f 3 ) have a pole at 
t = 0, we get — hoofi + ^0,0 = |, which contradicts Proposition 14.41 □ 
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Lemma 9.3. If A 5 (|, ^, 0, 0, 0, 0) has a rational solution (/j)o<j<5 of Type A, then 

C/O, A, /2,/3,/4,/b) = (t,t, 0,0, 0,0), 

and zs unique. 

Proof. If /o, /i have a pole at t = oo, it follows from Proposition 11.211 that 

(/0,/l,/2,/3,/4,/ 6 ) = (M, 0,0, 0,0). 

We assume that (/i, A) or (/ 2 , A) have a pole at i = oo and show contradiction. The 
other cases can be proved in the same way. 

When (/i,/2) have a pole at t — oo, it follows from Proposition 14.11 and 14.21 that 
—h^fi + hofi > 0, which contradicts Proposition 14.41 

We suppose that (f 2 , / 3 ) have a pole at t — oo. From Proposition 11.211 and Proposition 
Q31 it follows that 

-Res t=00 / 2 = ~, -ReSi =00 / 3 = ^, / 4 = / 5 = 0, -Res t=oo / = ^, -Res i=00 /i = i. 

If some rational functions of (/i)o<i<5 have a pole at t = 0, it follows from Proposition 12.11 
that (/ f , /j +2 ) or (/j, / i+2 , / i+3 , / i+5 ) can have a pole at t = for some % = 0, 1, 2, 3, 4, 5. 
Since / 4 = / 5 = 0, (/ , / 2 ) or / 3 ) can have a pole at £ = 0. When (/ , f 2 ) have a pole 
at i = 0, it follows from Proposition 14. II and 14.21 that —h^ Q + ft ,o = | 5 which contradicts 
Proposition 14.41 When (fi, fz) have a pole at £ = 0, we get — /ioo,o + ^o,o = gj which 
contradicts Proposition 14.41 □ 

The following two lemmas can be proved in the same way. 

Lemma 9.4. If A 5 (j, 0, 0, |, 0, 0) has a rational solution (/j)o<«<5 of Type A, then, 

(/o,/i,/ 2 ./3,/4,/ 5 ) = (t,0,0,t,0,0) 

and it is unique. 

Lemma 9.5. If A 5 (^, 0, 0, |, 0, 0) /ms a rational solution (/i)o<i<s o/ Ifype ^4, t/ien, 

(/0,/l,/ 2 -/3,/4,/5) = (<,0,0,*,0,0), 

and it is unique. 



57 



9.2 Rational Solutions of Type A of A^(ao, 1 — a>o, 0, 0, 0, 0) 

In this subsection, we decide rational solutions of Type A for A 5 (ao, 1 — «o, 0, 0, 0, 0). 

Proposition 9.6. For A 5 (a , 1 — «o, 0, 0, 0, 0), there exist rational solutions (/j)o<i<5 of 
Type A and by some Bdcklund transformations, (fi)o<i<5 can be transformed into one of 
the following rational solutions: 

(1) (M, 0,0, 0,0), (2) (t,0,0,t,0,0), (3) (t,t,t,0,-t,0). 

Proof. We show that the proposition is true if (/ , fi), (fi, / 2 ), (f2, fz, fi, fo) have a pole 
at t = 00. The other cases can be proved in the same way. 

If (/o, fi) have a pole at t — 00, it follows from Proposition 11.211 that 

(/0,/l,/2./3,/4,/ 6 ) = (*,*, 0,0, 0,0). 

If (fi, f-z) have a pole at t — 00, it follows from Proposition 11.211 that 

-Resi =00 /i = 0, -Res t=00 / 2 = «o, -Res t=00 /o = -«o, h = U = h = °- 

If some rational functions of (/i)o<i<5 have a pole at t = 0, it follows from Proposition 12.11 
that (f u f i+2 ) or (f u f i+2 , fi +3 , fi+5) can have a pole at t = for some z = 0, 1, 2, 3, 4, 5. 
Since f 3 = f 4 = f 5 = 0, it follows from Proposition 12.11 that only (/ , f 2 ) can have a pole 
at t = 0. 

When (/o, / 2 ) have a pole at i = 0, 

-/loo,0 + ^0,0 = - + (~^> a ° + ^ 

which contradicts Proposition 14.41 

When (f , / 2 ) do not have a pole at t — 0, all the rational functions of (fi)o<i<5 are 
regular at t = 0. Then, it follows from Corollary 13.21 that ao G Z. By Ti, we have 

(a , 1 - «o, 0, 0, 0, 0) — ► (0,1,0,0,0,0). 

Therefore, it follows from Lemma [9.21 that (fi)o<i<5 can be transformed into the rational 
solution of type (1) or (2) or (3). 

If (/ 2 , /3, /4, fo) have a pole at t = 00, it follows from Proposition II .211 and Proposition 
03 that 

- Res i=oc / 2 = -a , - Res t=00 / 3 = 1 - a , - Res t=00 / 4 = -a + 2, 

/ 5 = 0, - Res t=oo / = 2a - 2, - Res t=OC) /i = a - 1, 
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which implies that a £ from Proposition 12.11 and Corollary 13.21 By T 1; we obtain 

K 1 - a , 0, 0, 0, 0) — »• (0, 1, 0, 0, 0, 0) or (i i 0, 0, 0, 0). 

Therefore, it follows from Lemma [9.21 and T9.3I that (fi)o<i<5 can be transformed into the 
rational solution of type (1) or (2) or (3). □ 

9.3 Rational Solutions of A$(ao, 0, 0, 1 — ao, 0, 0) 

In this subsection, we decide rational solutions of Type A for A 5 (ao, 0, 0, 1 — ao, 0, 0). 

Proposition 9.7. For A 5 (a , 0, 0, 1 — ao,0,0), there exist rational solutions (/i)o<i<5 of 
Type A and by some Backlund transformations, (fi)o<i<5 can be transformed into one of 
the following rational solutions: 

(1)(M,0,0,0,0), (2)(t,0,0,t,0,0), (3)(M,t,0,-t,0). 

Proof. We show that the proposition is true if (fo, fa), (fo, fi, /-j, f±) have a pole at t — oo. 
The other cases can be proved in the same way. 
If (f , f 3 ) have a pole at t — oo, we get 

(/0,/l,/2,/3,/4,/ 5 ) = (t,0,0,t,0,0). 

If (fo, fx, /2, fi) have a pole at t — oo, it follows from Proposition 11.211 that 

- Res t=oo / = 2a - 2, - Res t=oc /i = a - 1, - Res t=00 / 2 = a , 

- Res t=00 / 3 = l-a , - Res t=00 / 4 = -3a + 2, - Res t=00 / 5 = 0, 

which implies that ao, E |Z or a G |Z from Proposition 12.11 and Corollary 13.21 By 
TiT 2 T 3 , we obtain 

K 0, 0, 1 - a , 0, 0) — >• (1 0, 0, 1 0, 0), or (1 0, 0, | 0, 0), or (| 0, 0, 1 0, 0). 

By 7T, we have (|, 0, 0, |, 0, 0) ->■ (|, 0, 0, |, 0, 0). Therefore, from Lemma MM ECU El and 
19.51 it follows that (fi)o<i<5 can be transformed into the rational solution of type (1) or 
(2) or (3). □ 
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10 Sufficient Condition for Type B 



In this section, we study rational solutions of Type B of (1) A 5 (a , — a + h,oco, — «o + 
§, 0, 0), (2) A 5 (l 0, i, ao, 0, -ao) and (3) A 5 (a , 0, -a + 1, 0, 0, 0). 

This section consists of four subsections. In Subsections 10.1, we prove lemmas in 
order to study rational solutions of Type B of (1) A 5 (a , —a + |, a , — a + |, 0, 0), (2) 
A 5 (|, 0, |, ao, 0, — a ) and (3) A 5 (a , 0, — a + 1, 0, 0, 0). In Subsection 10.2, 10.3 and 10.4, 
we consider rational solutions of Type B of (1) A 5 (ao,— ao + |,ao, — ao + |,0,0), (2) 
Afj(^, 0, |, a , 0, — ao) and (3) A 5 (a , 0, — a + 1, 0, 0, 0), respectively. 



10.1 Lemmas for Sufficient Conditions for Type B 

In this subsection, we prove lemmas in order to study rational solutions of Type B of 
(1) A 5 (a , -a + ~, a , -a + |, 0, 0), (2) A 5 (|, 0, |, a , 0, -a ) and (3) A 5 (a , 0, -a + 
1,0,0,0). 

Lemma 10.1. If A 5 (^,0, ~, 0,0,0) /ias a rational solution (A)o<i<5; «^ rational func- 
tions of (fi)o<i<5 are regular at t = 0, or (A, / 5 ) /jane a po/e at t = 0. 



Proof. By using Proposition ^. 11 we calculate the residues of A (i = 0, 1, 2, 3, 4, 5) at t = 
when ^ 

(a , ai, a 2 , a 3 , a 4 , a 5 ) = (- , 0, -, 0, 0, 0). 
Then we get the lemma. □ 
Lemma 10.2. If As(h, 0, ~, 0, 0, 0) has rational solutions (A)o<i<5 o/ Type i? ; i/ien 



v2> "> 2 

''1***00) 

%2> 2' 2' 2' ' / 

* * * o o i-) 

2 , 2 , 2 , w, w, 2 ; 



(A; A> A) A> fi, A) 



Proof. Suppose that /j, A+i, A+2, fi+3 have a pole at t = oo for some i = 0, 1, 2, 3, 4, 5. If 
(A, A j A, A> A) or (A , A> A> A) have a pole at t = oo, it follows from Proposition |1.21| 
and Proposition 11.231 that 



(A) A) A) A; A? A 



'* * * * o o) 

v2> 2' 2' 2' ' /' 

't t t o o ±) 

v2' 2' 2' ' ' 2'' 



respectively. 

We assume that (A, A) A> A) have a pole at £ = oo and show contradiction. The 
other cases can be proved in the same way. 
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From Proposition 11.211 and Proposition ll.23[ it follows that 



-Res t=OQ f 2 = -1, -Res t=OQ f 3 = -1, -Res t=OD fa = 0, -Res t=OQ fa = 1, -Res t=oo f = 1, /i = 0. 

It follows from Proposition 14. ll that fo^o = 0. Then Lemma fl . 2 1 shows that all the rational 
functions of (fi)o<i<5 are regular at £ = or (/ 3 , / 5 ) have a pole at £ = 0. 

If all the rational functions of (fi)o<i<5 are regular at £ — 0, it follows from Proposition 
14.21 that —hoc Q + /i ,o = 0. Thus Proposition 14.41 shows that all the rational functions of 
(fi)o<i<5 are regular in C, which contradicts the residue theorem. 

If (/ 3 , fa) have a pole at £ = 0, it follows from Proposition 14.21 that 



In order to study rational solutions of Type B of A 5 (a , 0, — a + 1, 0, 0, 0), we have 
the following two lemmas: 

Lemma 10.3. ^(1,0,0,0,0,0) does not have a rational solution of Type B. 

Proof. We prove that the lemma is true if (/o, /i, /2, /a) have a pole at £ — oo. The other 
cases can be proved in the same way. 

From Proposition 11.211 and Proposition 11.231 it follows that 

- Res i=00 /o = 0, -Res t=00 /i = -1, -Res f=00 / 2 = 0, -Res t=00 f 3 = 1, / 4 = f 5 = 0. (10.1) 

Lemma EH shows that (f u f 3 ), (f 3 , f 5 ), (f 5 , ft), (f 2 , fa, fs, h) can have a pole at t = 0. 
Since fa = fa = 0, all the rational functions of (/j)o<i<5 are regular at t = or (fi, f 3 ) 
have a pole at £ = 0. 

Suppose that all the rational functions of (fj)o<j<5 are regular at £ = 0. Then it follows 
from Proposition 14. Il and l4.2l that — /ioo,o+^o,o — — f ■ Suppose that ±c 1? ±c 2 , . . . , ±c n G C* 
are poles of fi for some i — 0,1, 2, 3, 4, 5 because (j = 0, 1, 2, 3, 4, 5) are odd functions 
from Corollary 11.221 Let (k = 1,2, ... ,n) be the residue of H at £ = c^. Then it 
follows from the proof of Proposition 14.41 that 



Proposition 14.31 shows that e k (k = 1,2, . . . ,n) are | or ^ or ^. Since — /ioo,o + ^o,o = — |? 
has poles at £ = ±c for some c G C* and the residues of H at £ = ±c are ±Ac. Then, it 



^oo,0 + ^0,0 — T^i 



which contradicts Proposition 14.41 



□ 



n 




k=l 
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follows from Proposition 14 . 3 1 that (fo, fo)(II) occurs for t = ±c G C*, because f 4 = fo = 0. 
Therefore, we have 

, _t t 11 11 t t 11 11 _ _ 

A, - 2> /i " 2 " 2^ - 2tT^' /2 " 2' /s " 2 + 2~T~c + 2t + ~c' h = h = °- 



On the other hand, from Proposition 13.11 it follows that the constant term of the Taylor 
series of fo at t — ±c are zero, which is contradiction because / 2 (±c) = ±|. 

When (fo, fo) have a pole at i = 0, it follows from Lemma H~2l that — /ioo,o + ^o,o = 
— | + | = 0. Then, from Proposition 14. 3[ all the rational functions of (/i)o<i<5 are regular 
in C*. Thus, it follows from the equation ( 110. ip and the residue theorem that 

fo — 2> /i = 2 — 7' ^ 2 = 2' ^ 3 = 2 t ' ^ 4 ^ ^ 5 ^ ^' 

By substituting this solution into A 5 (l, 0, 0, 0, 0, 0), we can prove contradiction. □ 

The following lemma can be proved in the same way. 

Lemma 10.4. A$(^, ^, 0, 0, 0, 0) andA^(^, 0, 0, |, 0, 0) do not have a rational solution of 
Type B. 

10.2 Rational Solutions of Type B of A$(ao, —ao + |,«o, — «o + 
|,0,0) 

In this subsection, we study rational solutions of Type B of A 5 (a , —a + |,a , — «o + 
|,0,0). 

Proposition 10.5. For A 5 (ao, — cto + ~, a , —a + ~, 0, 0), there exists a rational solution 
(fi)o<i<5 °f Type B. Furthermore, by some Backlund transformations, (fo)o<i<5 can be 
transformed into (f ,§,§,§, 0, 0). 

Proof. We prove that the proposition is true if (fo, fi, fo, fo) or (fo, fo, fo, fo) have a pole 
at t — oo. The other cases can be proved in the same way. 

If (fo, foi fo, fo) have a pole at t — oo, it follows from Proposition II .211 and Proposition 
OS] that 

t t t t 

(fo, fo, fo, fo, fo, fo) — („) q' 2' 2' ^' ^' 

If (A, /2, fo, fo) have a pole at t = oo, it follows from Proposition II .211 and Proposition 
[L23]that 

-Res i=oc /i = -Res t=00 fo = -Res t=OQ fo = 0, -Res t=OQ fo = 2a , fo = 0, -Res t=oc fo = -2a . 
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If (/4, /o) have a pole at t — 0, we have 

-/ioo.o + ^0,0 = - (~^"o^ + ( _ ^o + ^ = ~, 

which contradicts Proposition 14.41 If (/4,/o) do not have a pole at t = 0, it follows from 
Corollary 13.21 that a € |Z. 

When «o £ Z, by 7r _1 T 1 T 3 , we obtain 

(a , -a + -, a , -a + -, 0, 0) — ► (-, 0, -, 0, 0, 0). 

Therefore, it follows from Lemma 110.21 that (fi)o<i<5 can be transformed into 
(t t i * o 0) 

\2> 2' 2' 2' ' /" 

When «o G | + Z, by TiT 3 , we have 

(ao, -«o + ^, "o, -Qto + i 0, 0) — ► (i 0, ^, 0, 0, 0). 



Therefore, it follows from Lemma 110.21 that {fi)o<i<5 can be transformed into 

it t t t 

\2> 2' 2' 2 



1 * 4 |,0,0). □ 



10.3 Rational Solutions of Type B of A^, 0, |, ao, 0, — ao) 

In this subsection, we study rational solutions of Type B of A$(^, 0, ~, «o, 0, — ckq). 

Proposition 10.6. // A 5 (|, 0, |, a , 0, — a ) has a rational solution (fi)o<i<5 of Type B, 
a is a half integer. Furthermore (/ , fx, f%, /3, /4, is) and (|, 0, |, a , 0, — a ) can ^ e trans- 
formed into (|, |, |, |, 0, 0) and (|, 0, |, 0, 0, 0) fry some Bdcklund transformations, respec- 
tively. 

Proof. We prove that the proposition is true if (/i, f 2 , f 3 , /i) have a pole at £ = oo. The 
other cases can be proved in the same way. From Proposition 11.211 it follows that 

- Res t=oc /i = 2a , - Res t=oc f 2 = 2a , - Res t=0O / 3 = 0, 

- Res t=00 / 4 = -2a + 1, - Res 4=00 / 5 = -2a , - Res t=00 /o = -1. 

When (/ 2 , /4, /s, /i) have a pole at i = 0, it follows from Proposition 14. II and 14.21 that 

-hoa,o + h ,o = - (al ~ 7^0 - + f«o ~ ^"o + ~^ = ^, 
which contradicts Proposition 14.41 
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We suppose that (/ 2 , f±, f$, fi) do not have a pole at t — 0. it follows from Proposition 
12.11 and Corollary 13.21 that a £ ^ a ° ^ ^> ^4^5 > we obtain 

(^0,^0,0,-^)^(^0^0,0,0). 

Therefore, it follows from Lemma 110.21 that (fi)o<i<$ can be transformed into 
fi * 1 * 0) 

V2' 2' 2' 2' ' / 

If ao — \ G Z, by T 4 T 5 , we have 

11 ..111 1. 

(g> °> a °' °' ~ a °> ~* ^2' ' 2' 2 ' ' ~2^' 

By 7T~ 2 S4S5, we get 

(|.o,i,i,o,-i)^{i,o,i,o,o,o). 

Therefore, it follows from Lemma 110.21 that (fi)o<i<5 can be transformed into 

ft t t t 

V2' 2' 2' 2 



* * * |,0,0). □ 



10.4 Rational Solutions of Type B of A 5 (a , 0, — a + 1, 0, 0, 0) 

In this subsection, we study rational solutions of Type B of A 5 (a , 0, — a + 1, 0, 0, 0). 

Proposition 10.7. If A 5 (ao, 0, — ao + l, 0, 0, 0) has a rational solution {fi)o<i<5 of Type B, 
ao is a half integer. Furthermore, by some Backlund transformations, (/o, /1, /2, /3, fi, /s) 
and (ao, 0, — ao + 1, 0, 0, 0) can be transformed into (|, |, |, |, 0, 0) and (|, 0, |, 0, 0, 0), 
respectively. 

Proof. We suppose that the proposition is true if (/o, /1, /2, ^3) have a pole at t = 00. The 
other cases can be proved in the same way. From Proposition 11.211 and Proposition ll.23[ 
it follows that 

-Res t=oo f = 0, -Rest =00 /i = -2a +l, -Res 4=0O / 2 = 0, -Res i=oc / 3 = 2a -l, / 4 = fs = 0. 
When (fi, fa) have a pole at t = 0, it follows from Proposition 12. 1[ 14. II and 14.21 that 

2 7 1\ , / 2 7 1 



-ft-oo.O + ^0,0 = - [®0 ~ g«0 + g J + ( «0 - g«0 + g J = 0, 

which implies that all the rational functions of (fi)o<i<5 are regular in C* from Proposition 
14.41 Therefore, from Proposition I2.1[ it follows that 

fo = \,h = \+t-\-2a + 1), f 2 = ~, A = l + r\2a - 1), / 4 = f 5 = 0. 
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By substituting this solution into A 5 (ao,0, — «o + 1,0,0,0), we get o = I, which is 
contradiction. 

When (/i, / 3 ) do not have a pole at t = 0, it follows from Corollary 13 . 2 1 that oo & 
If a e Z, by 7r _2 TiT 2 , we have (a ,0,-a + 1,0,0,0) -> (1,0,0,0,0,0). Therefore, 
t4 5 (1, 0, 0, 0, 0, 0) has a rational solution Type B, which contradicts Lemma [10.31 

If a G | + Z, by TiT 2 , we get (o , 0, -o + 1, 0, 0, 0) ->• (§, 0, f , 0, 0, 0). Therefore, 
from Lemma [10. 2\ it follows that (/j)o<«<5 can be transformed into (|, |, |, |, 0, 0). □ 

11 Sufficient Conditions for Type C 

In this section, we study rational solutions of Type C of (1) ^5(0-4, — a 4 + |,o 4 , —04 + 
-,04,-04 + |), (2) A 5 (-o 4 + |,o 4 ,0,0), (3) A 5 (o 4 , 0,0,1 - o 4 ,0,0), and (4) 
^5(0:4, 1, |, -o 4 + |,0,0). 

This section consists of five subsections. In Subsection 11.1, we prove lemmas in order 
to study rational solutions of Type C of (2) A 5 (— o 4 + |, |, |, 04, 0, 0), (3) ^5(0-4, 0, 0, 1 — 
0:4,0,0), and (4) A 5 (o 4 , |, |, — o 4 + |,0,0). In Subsection 11.2, 11.3, 11.4 and 11.5, we 
consider rational solutions of Type C of (1) A 5 (o 4 , — o 4 + |, o 4 , — o 4 + |, o 4 , —04 + |), (2) 
A>(-o 4 + |, 1, |, o 4 , 0, 0), (3) v4 5 (o 4 , 0, 0, 1 - o 4 , 0, 0), and (4) A 5 (a 4 , |, |, -o 4 + 3, 0, 0) 
respectively. 

11.1 Lemmas for Sufficient Condition for Type C 

In this subsection, we prove lemmas in order to study rational solutions of Type C of (2) 
A 5 (-o 4 + 1, |, |, a 4 , 0, 0), (3) A 5 (a 4 , 0, 0, 1 - a 4 , 0, 0), and (4) A 5 (a 4 , §, §, -04 + §, 0, 0). 

Lemma 11.1. ^(1,0,0,0,0,0) does noi /iai>e a rational solution of Type C. 

Proof. Suppose that A 5 (l, 0, 0, 0, 0, 0) has a rational solution (/j)o<i<5 of Type C. From 
Lemma 19.11 it follows that all the rational functions of (A)o<i<5 are regular at t = or 
(A, A), (A, A), (A, A), (A, A, A, A) have a pole at t = 0. We prove that the proposition 
is true if all the rational functions of (A)o<i<5 are regular at t = 0. The other cases can 
be proved in the same way. 

We assume that all the rational functions of (A)o<i<5 are regular at t — 0. From 
Proposition 11.211 it follows that 

- Res t=oo / = 0, -Res t=oc /i = -2, -Res 4=00 / 2 = -1, (11-1) 

and 

- Res t=00 f 3 = 0, -Rest =00 / 4 = 1, -Res 4=00 / 5 = 2. (11.2) 



65 



From Proposition 14.11 and 14.21 it follows that — /ioo,o + ^0,0 = — §• We show that this 
contradicts Proposition 13.11 

Let ±ci, ±c 2 , • • • , ±c n G C* be poles of fi for some 2 = 0, 1, 2, 3, 4, 5. From the proof 
of Proposition 14.41 it follows that 

n 

—hoofi + ho,o = —2 efc, 
fc=i 

where (1 < A; < n) are the residues of H at ±c&, respectively and e k is |, ^, ^. 

Then we consider the following two cases: 

(1) n = 1, ei = J; 

(2) n = 4, ei = e 2 = e 3 = e 4 = ^. 

If the case (1) occurs, it follows from Proposition 14.31 that (/i, / i+2 )(I) or 
(/ij /i+2) /i+3) fi+5)(I) can occur for some z = 0,1,2,3,4,5 and ±c G C*. In the case of 
(fi, fi +2 ){I) a nd (/i, / i+2 , /i +3 , fi+5)(I), the residues at ±c are | or -|, which contradicts 
(111.11) . flll.2p and the residue theorem. 

If the case (2) occurs, it follows from Proposition 14.31 that (/ il3 / il+2 )(i7), 
(fi 2 Ji 2+2 )(II), (f i3 ,f i3+2 )(II), (f u ,f u+2 )(II) can occur for some z 1; z 2 , z 3 , z 4 = 
0, 1, 2, 3, 4, 5 and ±ci, ±c 2 , ±c 3 , ±c 4 G C*. In this case, the residues at ±ci, ±c 2 , ±c 3 , ±c 4 G 
C* are | or — |, which contradicts flll.ip . (jll.2p and the residue theorem. □ 

Lemma 11.2. ^4s(|, |, |, 0, 0, 0) does not have a rational solution of Type C. 

Proof. Suppose that A 5 (^, |, |, 0, 0, 0) has a rational solution of Type C. From Proposition 
14.11 and 14.21 it follows that — /ioo,o + ^0,0 = — ^7, — — — tk' w ^ich contradicts 

Proposition 14.41 □ 

Lemma 11.3. A 5 (|, 0, 0, |, 0, 0) <ioes noi /iawe a rational solution of Type C. 

Proof. It can be proved in the same way as Lemma 111.21 □ 

11.2 Rational Solutions of Type C of A$(a4, —a^ + ^,0:4, — + 
In this subsection, we study Rational Solutions of Type C of A 5 (a 4 , — a 4 + ~, a 4 , — a 4 + 

ft 4 , Cl 4 + g). 
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Proposition 11.4. For v4 5 (a 4 , — o 4 + |, ct 4 , — o 4 + |, o 4 , — a 4 + |), there exists a rational 
solution (fi)o<i<5 of Type C and 



( fo ) /"i j fi i fiii f^ i fb) ^3' 3' 3' 3' 3' 3^' 



and it is unique. 



11.3 Rational Solutions of Type C of A 5 {-a 4 + §, §, §, a 4 , 0, 0) 

In this subsection, we study rational solutions of Type C of A 5 (— o 4 + |, |, |, o 4 , 0, 0). 

Proposition 11.5. A 5 ( — o 4 + |, |, |, a 4 , 0, 0) does not have a rational solution of Type 
C. 

Proof. Suppose that A 5 (— o 4 + |, |, |, o 4 , 0, 0) have a rational solution of Type C. From 
Proposition 11.211 it follows that 

- Res t=oo / = 1, - Res 4=00 /i = 3o 4 , - Res 4=00 / 2 = 3o 4 - 1, 

- Rest =00 / 3 = -1, - Res t=00 / 4 = -3a 4 , - Res t=tx J 5 = -3a 4 + 1. 

When (/ 2 , A, ^5, /i) have a pole at £ = 0, it follows from Proposition 14.11 and 14.21 that 

q2 2 \ i _ o 2 2 



-/ioo,o + h 0fi = - (^2o - -a 4 + - J + ^2o - -a 4 + - J = 0, 

which implies that all the rational functions of {fi)o<i<5 are regular in C* from Proposition 
14. 4[ On the other hand, from Proposition 12.11 it follows that 

-Res t=00 / 4 - Res 4=0 / 4 = -1, -Res 4=00 / 5 - Res t=0 / 5 = 1, 

which contradicts the residue theorem. 

When (/ 2 , / 4 , f 5 , fi) do not have a pole at t = 0, we have o 4 G |Z. If o 4 G Z, by 
TiT 2 T 3 , we get 

111 , ,111 

(-«4 + 3, -, -, « 4 , 0, 0) — )• (-, -, -, 0, 0, 0). 

Therefore A 5 (— o 4 + |, ~, |, o 4 , 0, 0) does not have a rational solution of Type C, because 
from Lemma [11.2\ A$(h, |, |, 0, 0, 0) does not have a rational solution of Type C. 
If a 4 — I G Z, by TiT 2 T 3 , and 7r, we obtain 

(-"4 + 3, ^, ^, 04, 0, 0) — )■ (-, -, -, 0, 0, 0). 
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Therefore A 5 ( — a 4 + |, |, |, a 4 , 0, 0) does not have a rational solution of Type C, because 
from Lemma [11.21 that A 5 (-|, |, |, 0, 0, 0) does not have a rational solution of Type C. 
If a 4 + i G Z, by T 3 and SiS 2) we have 

111 . ,111 

(-04 + g, g, g, «4 , 0, 0) — ► (~ , ~ , 0, 0, 0). 

Therefore A 5 (— a 4 + |, |, |, a 4 , 0, 0) does not have a rational solution of Type C, because 
from Lemma |11.2[ A 5 (jr, |, |, 0, 0, 0) does not have a rational solution of Type C. □ 

11.4 Rational Solutions of Type C of A^{a^ 0, 0, 1 — 04, 0, 0) 

In this subsection, we study rational solutions of Type C of A 5 (o; 4 , 0, 0, 1 — a 4 , 0, 0). 
Proposition 11.6. A^(a4, 0, 0, 1 — a 4 , 0, 0) does not have a rational solution of Type C. 
Proof. It can be proved in the same way as Proposition 111.51 □ 

11.5 Rational Solutions of Type C of A^{a^ |, |, — + |, 0, 0) 

In this subsection, we study rational solutions of Type C of A 5 (a 4 , |, |, — a 4 + |, 0, 0). 

Proposition 11.7. A 5 (a 4 , |, |, — a 4 + |,0,0) does not /iawe a rational solution of Type 
C. 

Proof. It can be proved in the same way as Proposition 111.51 □ 

12 Main Theorems for Type A, Type B and Type C 

In this section, we obtain Main Theorems for Type A, Type B and Type C. This section 
consists of three subsections. In Subsection 12.1, 12.2 and 12.3, we prove Main Theorems 
for Type A, Type B and Type C, respectively. 

12.1 Necessary And Sufficient Conditions for Type A 

In this subsection, we obtain necessary and sufficient conditions for A 5 (aj) <j< 5 to have 
rational solutions of Type A. 

Theorem 12.1. A R ( 

a j)o<j<5 has a rational solution {fj)o<j<5 °f Type A if and only if 
the parameters cti (i = 0, 1, 2, 3, 4, 5) satisfy one of the following five conditions: 
( 1) for some i = 0, 1, 2, 3, 4, 5, a i+2 , a i+3 , a i+i , a i+5 G Z; 
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(2) for some i = 0, 1,2,3,4,5, a m , a i+2 , ct i+4 , a i+5 G Z; 

( 3) for some 2 = 0,1,2,3,4, 5, a i+3 , a i+5 , a { + a i+4 , a, - a i+2 G Z; 

^ /or some z = 0, 1, 2, 3, 4, 5, a i+3 + a i+4 , a i+4 + a i+5 , a* + a i+u a* - a i+4 G Z; 

f5j for some i = 0,1,2,3,4,5, ai + a i+1 , ai + a i+5 , a i+2 + a i+3 , a i+3 + a i+4:1 ai+a i+3 G Z. 

5?/ some Backlund transformations, the rational solution (fj)o<j<5 can be transformed 
into one of the following rational solutions: 

(1) (t, t, 0, 0, 0, 0) with (a , 1 - «o, 0, 0, 0, 0) 

(2) (t, 0, 0, t, 0, 0) wzt/i (a , 0, 0, 1 - a , 0, 0) 

(3) (t, t, t, 0, -t, 0) with (0, 1, 0, 0, 0, 0). 

Proof. Proposition 15.11 shows that one of the conditions (1), (2), . . . , (5) occurs if 
A 5 (ai)o<i< 5 have a rational solution of Type A. 

Proposition 18.21 proves that if A 5 (ai) <i< 5 have a rational solution of Type A, the 
parameters («i)o<i<5 can be transformed into the two standard forms, («o, 1 — «o, 0, 0, 0, 0) 
and (ao, 0, 0, 1 — ato, 0, 0). Proposition 19.61 and 19.71 proves that A 5 (ao, 1 — «o, 0, 0, 0, 0) and 
A 5 (a ,0,0, 1 — «o,0,0) have rational solutions (fi)o<i<5 of Type A and (/i)o<i<5 can be 
transformed into one of the three rational solutions which are given by 

(1) (M, 0,0, 0,0), (2) (t,0,0,t,0,0), (3) (t,M,o,-t,o), 

respectively. 

Therefore, if one of the conditions (1), (2), . . . , (5) occurs, A 5 (aj) <i<5 have a rational 
solution of Type A and the solution can be transformed into one of the three rational 
solutions which are given by 

(1) (M, 0,0, 0,0), (2) (t,0,0,t,0,0), (3) (M,t,0,-t,0). 

□ 

Remark 

The rational solutions (t, t, 0, 0, 0, 0), (t, 0, 0, t, 0, 0) correspond to rational solutions of the 
fifth Painleve equation. 

12.2 Necessary And Sufficient Conditions for Type B 

In this subsection, we obtain necessary and sufficient conditions for Type B. For the 
purpose, we have the following lemma: 
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Lemma 12.2. Suppose that 2a j e Z (J — 0, 1,2,3,4,5). By some Backlund transforma- 
tions, the parameters (aj)o<j<5 can be transformed into 

(1,0,1,0,0,0), (1,1,0,0,0,0), (1,0, 0,1,0,0). 

The parameters (aj)o<j<5 are transformed into (|, 0, |, 0, 0, 0) if and only if for some 
2 = 0,1,2,3,4,5, 

1111 1111 11 

(an, a i+1 , a i+2 , a i+3 , a i+4 , a i+5 ) = (-, -, -, -, 0, 0), (-, -, 0, -, -, 0), (-, 0, -, 0, 0, 0) modZ. 

Proof. Since Y%=o a k — 1 5 it follows that 

1111111111 1111 

{ai, a i+1 , a i+2 , a i+3 , a i+4 , a i+5 ) = (-, -, -, -, -, -), (-,-,-,-,0,0), (-, -, 0, -, -, 0), 

= (^>^0,i,0), (1,1,0,0,0,0), (1,0,1,0,0,0), 
= (1,0,0,1,0,0) modZ, 

for some i — 0,1, 2, 3, 4, 5. We only prove that for some % — 0, 1, 2, 3, 4, 5, 

, , _ ,1 1 1 1 1 1, ,1 1 , 

{<Xi, a i+1 , a i+2 , a i+3 , a i+i , a l+5 ) = (-, -, -, -, -, -) — > (-, 0, 0, -, 0, 0). 

The other cases can be proved in the same way. 

Since Y^k=o ak = 1> by tt and the shift operators, we get 

111111 

{a , on, ot 2 , a 3 , a 4 , a 5 ) = (-, -, -, --, -, --). 



By 7i L s 4 s 5 s 3 , we get 



,1111111 1 

'2' 2' 2'~2' 2'~2^ ~* ^2'°'°' 2' ' ^' 



□ 

Then, we have the following theorem: 

Theorem 12.3. A 5 (aj) <j<5 has a rational solution of Type B if and only if («j)o<j<5 
satisfy one of the following conditions: 
(1) for some i = 0,1,2,3, 4,5, 

- a>i + a i+2 - a i+4 , -a i+1 + a i+3 + a i+5 , 2a i+4 , -2a i+5 e Z, 
+ a i+2 - a i+4 ) + (-a i+1 + a i+3 + a i+5 ) E 2Z; 
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(2) for some i = 0,1,2,3,4,5, 

a i+ i ^ 0, -«j + a i+2 - a i+4 , a i+1 + a i+3 + a i+5 , 2a i+4 , -2a i+5 , G Z, 
+ a i+2 - a i+4 ) + (a i+ i + a i+3 + a i+5 ) G 2Z; 

(3) for some i = 0,1,2,3,4,5, 

a i+2 ^ 0, — a, - a i+2 - a i+4 , —a i+1 + a i+3 + a i+5 , 2a i+4 , -2a i+5 , G Z, 
(-aii - a i+2 - a i+4 ) + (-a i+ i + a i+3 + a i+5 ) G 2Z; 

(4) for some i = 0,1,2,3,4,5, 

a i+3 7^ 0? _Q; i + a i+2 - - «i+3 + «j+5, 2tt i+3 + 2a i+4 , ~2a i+5 , G Z, 

(-a, + a i+2 - a i+4 ) + (-ai+i - a i+3 + a i+5 ) e 2Z; 

fjj /or some i — 0, 1, 2, 3, 4, 5, 

aj +4 7^ 0, a i+ i - a i+3 - a i+5 , -a* + aj +2 - a i+4 , 2a i+3 + 2a i+4 , -2a i+4 G Z, 
- a i+3 - 2a i+4 - a i+5 ) + (-a* + a i+2 - a i+4 ) G 2Z; 

^ /or some i — 0, 1, 2, 3, 4, 5, 

a i+5 7^ 0, + aj+3 + a i+5 , aci - a i+2 + a i+4 + 2a i+5 , -2a i+5 , -2a, - 2a i+5 G Z, 

(-ai+i + a i+3 + a i+5 ) + (a, - a i+2 + a i+4 + 2a i+5 ) G 2Z; 

(7j /or some i = 0,1, 2, 3, 4, 5, 

a, 7^ 0, a, + ai+2 - a i+4 , — + a i+3 + a i+5 , 2a i+4 , -2a { - 2a i+5 G Z, 
(a* + a i+2 - a i+4 ) + (-ctj+i + a i+3 + aj +5 ) G 2Z; 

(8) for some i = 0,1,2,3,4,5, 

a i+ i, a i+4 7^ 0, —a i+ i - a i+3 - 2a i+4 - a i+5 , —a* + a i+2 - a i+4 , 2aj +3 + 2a i+4 , 2a i+4 G Z, 
- a i+3 - 2a i+4 - a i+5 ) + (-a* + a i+2 - a i+4 ) G 2Z; 

fPj for some i — 0, 1, 2, 3, 4, 5, 

aj+2, aj + 5 7^ 0, — ctj — aj + 2 — a i+4 — 2a i+5 , — a> i+1 + cti +3 — — 2a i+ 5, — 2«j — 2aj +5 , G Z, 
(—a* - a i+2 - a i+4 - 2a i+5 ) + (—a i+ i + a i+3 - a i+5 ) G 2Z; 



71 



(10) for some i = 0,1, 2, 3, 4, 5, 

a i+3 , otj 7^ 0, a;, + at i+ 2 - a i+ 4, —a i+1 - a i+3 + a i+5 , 2a i+3 + 2a i+i , -2a, - 2a i+5 G Z, 
(ati + a i+2 - a i+A ) + {-a i+1 - a i+3 + a i+5 ) G 2Z; 

fllj for some i = 0, 1, 2, 3, 4, 5, 

/ \ ,1111 ,,11 11 ,,1 1 . 

a i+2 , a i+3 , a i+i , a i+5 ) = (-,-,-,-, 0, 0), (-, -, 0, - , -, 0), (-, 0, -, 0, 0, 0) modZ, 

where (1), (2),..., (11) in this theorem correspond to (1), (2),..., (11) in Proposition ^. 11 
respectively. 

By some Backlund transformations, the rational solution (fi)o<i<5 can be transformed 
into 

, t t t t . , 1 1 , 

(-, -, -, -, 0, 0) with (a , —a + -, a , -a + -, 0, 0). 



-2 1 2' 2' 2' 

Remark 

1 1 1 irvn ( _ _ _ _ 

■2' 2' 2' 2' 



The rational solution (|, ~, ~, |, 0, 0) corresponds to a rational solution of the fifth Painleve 



equation. 

Proof. We prove that the cases (1), (2), . . . , (10) and (11) occur, A 5 (aj) <j< 5 has rational 
solutions of Type B. For the purpose, we deal with the case (2) and (11). The other cases 
can be proved in the same way. 

If the case (2) occurs, it follows from Proposition 18.31 that the parameters (aj)o<i<5 
can be transformed into (a , — a + h,ao, — cto + 1,0,0). Proposition 110.51 shows that 
A^ao, — tto + \,&q,— a o + 1)0,0) has a rational solution of Type B and (/«)o<i<5 can 
be transformed into (|, |, |, |, 0, 0). Therefore, it follows that if the case (2) occurs, 
^5( Q; j)o<j<5 h as rational solutions of Type B. 

If the case (11) occurs, it follows from Lemma 112.21 that the parameters (aj)o<i<5 
can be transformed into (~, 0, ^, 0, 0, 0). Therefore, it follows that if the case (11) occurs, 
yl 5 (ci;j)o<j<5 has rational solutions (/i)o<i<5 of Type B and (fi)o<i<5 can be transformed 
into (§,§,f,§, 0,0). 

We prove that if the cases (1), (2), . . . , (10) and (11) do not occur, A 5 (aj) <j< 5 does 
not have rational solutions (/j)o<i<5 of Type B. 

Suppose that A 5 (aj) <j< 5 has rational solutions (/j)o<i<5 of Type B. Then, by Proposi- 
tion |6]T1 we obtain eleven conditions. Furthermore, it follows from Proposition [8]3]that the 
parameters (aj)o<j<5 can be transformed into (|, 0, |, a , 0, — a ) or (a 0) 0, — « + l, 0, 0, 0), 
because the cases (1), (2), . . . , (10) and (11) do not occur. 

If the parameters (oj)o<j<5 are transformed into (|, 0, |, «q, 0, — ckq), it follows from 
Proposition 110.61 that 2a j G Z (0 < j < 5) and («j)o<j<5 are transformed into 
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(n, 0|,0, 0, 0) which contradicts Lemma [12.21 and the assumption that the case (11) does 
not occur. 

If the parameters (aj)o<j<5 are transformed into («o,0,— «o + 1,0,0,0), it follows 
from Proposition 110.71 that 2oij G Z (0 < j < 5) and (aj)o<;<5 are transformed into 
(|, 0, 0, 0, 0) which contradicts Lemma Tl 2. 2 1 and the assumption that the case (11) does 
not occur. 

□ 

12.3 Necessary And Sufficient Condition for Type C 

In this subsection, we obtain a necessary and sufficient condition for Type C. For the 
purpose, we have 

Lemma 12.4. Suppose that for some i — 0, 1, 2, 3, 4, 5, 

p q 
(ati, a i+ i, a i+2 , a i+3 , a i+A , a i+5 ) = -(1, 0, 1, 0, 1, 0) + -(1, 0, -1, -1, 0, 1), or 

= ^(0, 1, 1, 1, 0, 0) + |(1, 1, 0, 0, 0, 1) modZ, (p, q,r,s = 0, ±1) 

Then, by some Bdcklund transformations, the parameters (o(j)o<j<5 can be transformed 
into 

. , 111 . .1 1 1 

(a , ai, a 2 , a 3 , a 4 , a B ) = (1, 0, 0, 0, 0, 0), (-, -, -, 0, 0, 0), (-, 0, -, 0, -, 0). 

The parameters («j)o<i<5 can be transformed into (~, 0, |, 0, |, 0) if and only if 

{ai, on+x, a i+2 , a i+3 , a i+4 , a i+5 ) =— (1, -1, 1, 1, 0, 1), — (1, 0, -1, -1, 0, 1), 

— (1,0,1,0,1,0) modZ, 
3 

for some i = 0,1, 2, 3, 4, 5. 

Proof. We deal with the following two cases: 

(1) (p,q) = (1,1), (2) (r, S ) = (l,l). 
The other cases can be proved in the same way. 

(1) By 7i, we assume that 

(a , «i, a 2 , a 3 , a 4 , a b ) = -(1, 0, 1, 0, 1, 0) + -(1, 0, -1, -1, 0, 1) modZ 

,2 111' 
= -,0,0, — , -,-) modZ 
v 3' ' ' 3'3'3 ; 
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By some shift operators Tj (0 < j < 5), we have 

. . .2 1 1 1. 

(«i)o<i<5 — > (g, 0, 0, --, -, -J. 

By 7rsis 2 s 3 , we get 

,2 1 1 L 4 11 

(3.0.0,-3,3,3)^(3,3,3,0,0,0). 

(2) By 7r, we assume that 

(a ,ai,a 2 ,a3,a4,a5) = ^(0, 1, 1, 1,0,0) + ~(1, 1,0,0,0, 1) modZ 

12 11 1 

By some shift operators Tj (0 < j < 5), we have 

, 2 1 1 1. 

(aj)o<i<5 — ^ (g, 0, 0, --, -, -). 

By 7rsi, we have 

(|o, o,-i,i,i)^ (i,o,i o,i,o). 



□ 



In order to state Theorem 112.51 we define 

x k := a k +2 - «fc+4, Vk '■= a fc+3 - a k+5 , z k := a k - a k+4 , u k := a k+ i - a k+5 , 
Xk := x k + y k + z k + u k (0 < k < 5), 

where a k (0 < k < 5) are defined in Theorem 112.51 

Theorem 12.5. A 5 (aj)o<i<5 /icrae a rational solution of Type C, (fi)o<i<5 if and only if 
aij (i = 0, 1, 2, 3, 4, 5) satisfy one of the following conditions: for some k = 0, 1, 2, 3, 4, 5, 

(1) £fc, yk, 4, w fc g z, Xk e 3Z, 

(2) (x k ,y k ,z k ,u k ) = — (— 1, 1, 1, -1) modZ, G 3Z, 

(3) x k ,y k ,z k ,u k G Z, Xjfc + l G 3Z, 

(4) (x k ,y k ,z k ,u k ) = ~^(-l> I; 1> -l)modZ, + 3Z, 

(5) (a k , a k+ x, a k+2 , a k+3 , a fc+4 , a k+5 ) = ±^(1> -1, 1, 1, 0, 1), ±^(1 ; °> ~1> -1, °> 1)> 

= ±-(1,0,1,0,1,0) modZ. 
o 
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where a k (k = 0, 1, 2, 3, 4, 5) are defined by one of the following equations: 



(i) a k = a k ; 

(ii) a k = a k + a k+1 , a k+1 = -a k+1 , a k+2 = a k+2 + a k+1 , a k+3 = a k+3 , 
a k+i = afc+4, a k+5 = a k+5} anda fc+ i ^ 0; 

(iii) a k = a k+ i + a k , a k +i = -a k +i, a k+2 = a k+2 + a k+ i, a k+3 = a k+3 + a k+4 , 
a/c+4 = -a/c+4, = afc+5 + anda fc+ i, a k+i ^ 0. 

By some Backlund transformations, (/j)o<i<5 can be transformed into 

,t t t t t t. , . 1 1 1. 

'3' 3' 3' 3' 3' 3* W '° 4 ' ~ ai + 3 ' ° 4 ' ~" 4 + 3' ° 4 ' ~" 4 + 3'' 

Proof. If one of the case (1), (2), . . . , (5) occurs, it follows from Proposition 18.51 
and Lemma 112.41 that the parameters the parameters (aj)o<j<5 can be transformed 
into (a 4 , — a 4 + ~, «4, — a 4 + |, a 4 , — a 4 + |). Proposition 111.41 shows that At(a 4 , — a 4 + 
~, a 4 , — a 4 + |, a 4 , — a 4 + |) has a rational solution (/i)o<i<5 of Type C and 

(fOl fl, f2l fZl fi, f§) = g, g) g> g> ^ 

and it is unique. Thus, if one of the cases (1), (2), . . . , (5) occurs, it follows that 
^45(«i)o<j<5 has a rational solution (/j)o<j<5 of Type C and it is unique. Furthermore, 
( a j)o<j<5 an d {fj)o<j<5 can De transformed into (|, |, ~, |, |, |) and (a 4 , — a 4 +|, a 4 , — a 4 + 
|, a 4 , — a 4 + §), respectively. 

We prove that if the case (1), (2), . . . , (5) do not occur, A 5 (aj)o<j<s does not have a 
rational solution of Type C. Suppose that A 5 (aj) <j< 5 have a rational solution of Type C. 
Then, it follows from Proposition 18.51 the parameters {ctj)o<j<n can be transformed into 
(— a 4 + g, |, g, a 4 , 0, 0), or (a 4 , 0, 0, 1 — a 4 , 0, 0), or (a 4 , |, |, — a 4 + |, 0, 0). Proposition 
lll.5| 111.61 and 111.71 shows that v4 5 (— a 4 + |, |, |, a 4 , 0, 0), or v4 5 (o! 4 , 0, 0, 1 — a 4 , 0, 0), or 
A 5 (a 4 , |, 3, — a 4 + 1, 0, 0) do not have a rational solution of Type C, which is contradiction. 

□ 
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